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Abstract. We give a new approach to the definition of additive and muhi- 
phcative free convolutions which is based on the theory of Nevanhnna and of 
Schur functions. We consider the set of probabihty distributions as a semigroup 
M equipped with the operation of free convolution and prove a Khintchine type 
theorem for factorization of elements of this semigroup. Any element of M con- 
tains either indecomposable ("prime") factors or it belongs to a class, say Iq, 
of distributions without indecomposable factors. In contrast to the classical 
convolution semigroup in the free additive and multiplicative convolution semi- 
groups the class Iq consists of units (i.e. Dirac measures) only. Furthermore 
we show that the set of indecomposable elements is dense in M. 



1. Introduction 

In recent years a larger number of papers has been devoted to applications 
and extensions of the definition of free convolution of measures introduced by D. 
Voiculescu. The key concept of this definition is the notion of freeness, which can 
be interpretated as a kind of independence for noncommutative random variables. 
As in the classical probability where the concept of independence gives rise to 
the classical convolution, the concept of freeness leads to a binary operation 
on the probability measures on the real line, called free convolution. As one 
might expect there are many classical results for sums of independent random 
variables having a counterpart in this theory, such as the law of large numbers, 
the central limit theorem, the Levy-Khintchine formula and others. We refer 
to Voiculescu, Dykema and Nica j^H] (1992) for an introduction to these topics. 
One of the main problems in dealing with free convolution is that its definition 
is rather indirect. In the first part of this paper we propose a new approach to 
the definition of additive and multiplicative free convolution. This approach is 
based on the classical theory of Nevanlinna and Schur functions and allows us 
to give a direct definition of free convolutions (see Theorem 2.1, Theorem 2.4, 
Theorem 2.7). 

In the second part of the paper we study the arithmetic structure of the Voi- 
culescu semigroups {Ai, ffl), (A1 + , Kl), and (A^*, Kl) of probability measures on R 



^Research supported by DFG - Forschergruppe FOR 399/2. Partly supported by INTAS 
grant N 03-51-5018. 



2 



Free convolutions 



with additive free convolution (ffl), on [R+ and on T with muhiphcative free convo- 
lution (Kl), respectively. This subject had its origin in the work of Khintchine on 
the convolution semigroup [Ai, *) of probability measures on the real line. He de- 
rived for this semigroup the three basic theorems listed in Section 2. Kendall 
(1967), ^3] (1968) introduced the so called Delphic semigroups, which are com- 
mutative topological semigroups satisfying the central limit theorem for triangu- 
lar arrays. Their arithmetic is similar to the convolution arithmetic of probability 
measures on R. A characteristic feature of all these semigroups is the presence 
of infinitely divisible (i.d.) elements, which for every positive integer n may be 
represented as nth power of some element of the semigroup. 

In any Delphic semigroup there are three classes of its elements: 

• the indecomposable or simple elements, which have no factors besides 
themselves and the identity, (a set we shall denote by "S"'); 

• the elements which are decomposable and have an indecomposable factor, 
(a set we shall denote by "-D"); 

• the infinitely divisible elements which have no indecomposable factors, 
(a set we shall denote by "/o"). 

It turns out a lot of important semigroups, in particular {Ai,*), are Delphic 
or almost Delphic. 

It is convenient to formulate the Delphic hypothesis rather restrictively, and 
then to show that semigroups like *) are 'almost' Delphic, that means they 
satisfy these hypothesis with nonessential modifications. In this context Davidson 
|n]-[II] (1968), (1969) introduced the concept of an hereditary subsemigroup to 
verify that semigroups are almost (or properly) Delphic. Using a new multivariate 
analytic description of free convolutions we show that the Voiculescu semigroups 
ffl), (7W+, Kl), and (A1*, Kl) are almost Delphic semigroups. Using some ideas 
of Kendall and Davidson, we deduce the three basic Delphic theorems for these 
semigroups. One of them states that each element of a Delphic semigroup may 
be written as a product of a countable number of indecomposable elements and 
an element of Jq, so a knowledge of /q and the set of indecomposable elements is 
essential for the arithmetic of the semigroup. As a consequence we show that in 
the Voiculescu semigroups the class /q consists of Dirac measures 5a only and for 
each semigroup there is a dense set of indecomposable elements. 

As another consequence of this approach we obtain an analogue of Khintchine's 
limit theorem for triangular arrays and derive the Levy-Khintchine formula for 
i.d. probability measures in Voiculescu's semigroups. 

The paper is organized as follows. In Section 2 we discuss the results of the pa- 
per. In Section 3 we collect auxiliary results from complex analysis, free probabil- 
ity, and Delphic semigroups. In Sections 4 and 5 we prove the necessary analytical 
results for our approach to free convolutions. In Section 6 we prove basic Del- 
phic theorems for the Voiculecu semigroups, in Section 7 we describe the class Iq, 
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and in Section 8 we describe dense classes of indecomposable elements in these 
semigroups. 

2. Results 

Denote by Ai the family of all Borel probability measures (p-measures for 
short) defined on the real line R. On the set Ai there are defined two associative 
composition laws denoted * and ffl. Let ^i, fi2 £ -M.- The measure fii * fj,2 is 
the classical convolution of /ii and fi2- In probabilistic terms, fii * fi2 is the prob- 
ability distribution of X + F, where X and Y are (commuting) independent 
random variables with distributions fii and fi2 respectively. The measure /ii ffl H2 
denote the free (additive) convolution of fii and /i2 introduced by Voiculescu j2ZI 
(1986) for compactly supported measures. The notion of free convolution was ex- 
tended by Maassen ^H] (1992) to measures with finite variance and by Bercovici 
and Voiculescu jl] (1993) to all measures in Ai. Here, /ii ffl fi2 may be considered 
as the probability distribution oi X+Y, where X and Y are free random variables 
with distributions /ii and /X2, respectively. For positive random variables and for 
random variables with values on T we consider multiplicative convolutions as well 
and their free analogues of multiplicative convolutions which were introduced by 
Voiculescu |2H] (1987). 

In this section we give a new approach to the definition of fii ffl fi2 which 
extends Maassen's definition. Furthermore, we shall present a new approach to 
the definition of multiplicative free convolution Kl. 

Let C"*" (C~) denote the open upper (lower) half of the complex plane. If /i G A^, 
then its Cauchy transform 

00 

(2.1) G,{z) = I . G C+. 

—00 

Following Maassen ^HI and Bercovici and Voiculescu in the sequel we will 
consider reciprocal Cauchy transform 

(2.2) F,iz) 



Let T denote the corresponding class of reciprocal Cauchy transforms of all /i G 
M.. This class admits the simple description. 

The class of all analytic functions F : C"*" ^ C^UR, say A/", is called Nevanlinna 
class. 

The class JF c A/" of reciprocal Cauchy transforms of p-measures introduced 
above coincides with the subclass of Nevanlinna functions F E N" such that 
F{z)/z — > 1 as 2; — *• 00 nontangentially to 00 (i.e., such that | Rez\/lmz stays 
bounded). See Section 3. 
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This implies that has certain invertibihty properties. To be precise, for two 
numbers a > 0, > we set 

Ta = {z = X + iy E C'^ : \x\ < ay} and Ta^p = {z = x + iy E Ta : y > jS}. 

Then, by relation ()3.4|) of Section 3, for every a > there exists P = (3(^1, a) such 
that has a left inverse Pji'^^ defined on Ta^p. The function 

^,{z) = Fl,-'\z) - z 

is called the Voiculescu transform of fi. It is not hard to show that lmiff^{z) ^ 
for z G Ta,i3 where (^^ is defined. We also have f^{z) = o{z) as \z\ ^ oo, z E Fq. 

If /i is the point measure 6a at a, then F{z) = z—a whereas F{z) = z+ib, b E R, 
corresponds to the Cauchy distribution with density x i— >• b/{ir{x'^ + 6^)) which 
has infinite variance. 

Additive free convolution 

Let fii and fj,2 be p-measures in Ai and let and F^^{z) denote their 

reciprocal Cauchy transforms respectively. We shall define the free convolution 
yUi ffl fi2, based on Ffj^-^{z) and Ffj_^{z) using the following result. 

Theorem 2.1. There exist unique functions Zi{z) and Z2{z) in the class T such 
that, for z E , 

(2.3) z = Z,{z) + Z^iz) - F^,{Z,{z)) and F^,{Z,{z)) = F^.iZ^iz)). 

The function Fn-^{Zi{z)) is in again, hence there exists some p-measure 
fj, such that F^-^^{Zi{z)) = Ffj,{z), where F^{z) = 1/G^(z) and Gfj,{z) denotes 
the Cauchy transform ()2.1|1 of fi. 

Since the p-measure /i depends on /ii and /i2 only, we define /zi ffl /i2 := fi. 
The symmetry of relation ()2.3p obviously implies that this operation is commu- 
tative and associative. Furthermore, choosing /i2 = Sa in ()2.3p . where 6a denotes 
a Dirac measure concentrated at the point a, we get yUi ffl 5^ = fii*Sa- Definition 
()2.3p does not restrict the class of p-measures and allows an obvious extension to 
the case of multiplicative convolutions, described below. 

Moreover, on any set Ta,i3, where both functions (Pfj.i{z) and (p^^i^) defined, 
we obtain 

(2.4) VmfflM2(^) = + ^M2(^)- 

The equation ()2.4j) for the distribution /ii ffl /i2 of X -|- Y, where X and Y are 
free random variables is due to Voiculescu j2Zl • He considered p-measures /i with 
compact support. The result was extended by Maassen [TH] to p-measures with 
finite variance; the general case was proved by Bercovici and Voiculescu j3]. Note 
here that Voiculescu's and Bercovici's approach to the definition of fii ffl fi2 based 
on the operator algebras. Maassen's analytic approach to the definition is closer 
to the one presented here. 
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We see from fl2.4|l that our definition of fii ffl /i2 coincides with the Voiculescu, 
Bercovici, Maassen definition. Pastur and Vasilchuk [23] (2000) studied the nor- 
malized eigenvalue counting measure of the sum of two n x n unitary matrices 
rotated independently by random unitary Haar distributed measures. They es- 
tablished the convergence in probability as n ^ cxd to a limiting nonrandom 
measure. They derive functional equations for the Cauchy transforms of limiting 
distributions assuming the existence of the mean of the limiting measures. It 
follows from Theorem 2.1 that their equations are equivalent to ()2.3|) . 

Using Speicher's combinatorial approach [22] (1998) to freeness, Biane |H] 
(1998) showed that there exists a unique function F G such that G^j^mfi2{z) = 
G^^{F{z)) for all z G C"*". It follows from Theorem 2.1 that F{z) in Biane's 
assertion is Zi[z) in (|2.3|) . 

Corollary 2.2. Let yUi, . . . , /i„ G A^. There exist unique functions Zi{z), . . . , Zn{z) 
in the class T such that, for z ^ , 

z = Ziiz)+- ■ ■+Zniz)-in-l)F^,iZ,iz)), and F^,{Zi{z)) = ■ ■ ■ = F^^Z^iz)). 
Moreover, F^^^...^^^{z) = F^,(Zi(z)) for all z G C+. 

Specializing to yUi = /i2 = ■ ■ ■ = /in = A* denote yUi ffl ■ ■ ■ ffl /i„ = /i"^. Then we 

get 

Corollary 2.3. Let fj, ^ A4. There exists an unique function Z E J-" such that 
(2.5) z = nZ{z) -{n- l)F^{Z{z)), z G C+, 

and F^„m{z) = F^{Z{z)), z G C+. 

By ()2.5p . we see that {Z'^~^^{^z) — 2)/(n — 1) = z — F^{z) for z from some domain 
Fq,^^. It follows from this that Z^~^\z) — z has an analytic continuation to C"*" 
with values in C~ U R. Since Z G JF, it is easy to see, that {Z^~^\iy) — iy)/y^O 
as y ^ +00. Hence Z{z) = F^{z), z G C'^, where z/ G 7W is infinitely divisible 
relative to the free additive convolution (the definition and the characterization 
of the ffl-infinitely divisibility see in this section below). Note that relation ()2.5|1 
holds if the integers n are replaced by real numbers t ^ 1. This shows that there 
is a semigroup Ut E ^A, t ^ 1, such that tip^, = ip^^. 

This fact was shown by Biane [S], using operator algebraic arguments. 

Having defined the Voiculescu semigroup {A4, ffl), basing on the properties of 
the functions of the subclass J-' of the class J\f of Nevanlinna functions, we shall 
proceed by studying multiplicative free convolutions. 
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Multiplicative free convolution on IR+ 

Let ^A+ be the set of p-measures /i on IR+ = [0, +00) such that /u({0}) < 1. 
Define, following Voiculescu |2H|, the ■j/'^-function of a p-measure /i G + , by 



(2.6) M^) = I T^M^O 

R+ 

for z G C \ IR+. The measure fi is completely determined by ipf^ because z{ip^{z) + 
1) = G^{l/z). Note that : C \ [R+ — ^ C is an analytic function such that 
ip^i^z) = ip^{z), and z{ip^{z) + 1) G C'^ for 2; G C+. Consider the function 

(2.7) R^{z) ■= ^,{z)/{l + ^,{z)), 2; G C \ R+. 

It is easy to see that R^{z) G A/" and R^{z) is analytic and nonpositive on 
the negative real axis (—00, 0). In addition, for x > 0, R^{—x) — > as x — * 0. 

Denote by /C the subclass of M of functions / such that f{z) is analytic and 
nonpositive on the negative real axis, and, for x > 0, /(— x) ^ as x — * 0. 

By Krein's results (see Section 3), the function R^{z), being analytic and non- 
positive on (—00,0), and \\mx^o, x>o RiJ.{—x) = 0, belongs to /C and admits by 
Corollary 3.3 (2) (like all functions in /C) the following representation 

(2.8) -J^ = a+ / 0<argz<27r, 



t -z' 

(0,00) 



where a ^ and r is a nonnegative measure such that 
(2.9) / '-^<^^ 



(0,00) 



l+t 



In view of Proposition 3.4, see Section 3, the function R^ has the inverse 
function Xn on the image Rf^{iC~^). We define the S-transform of fi as the function 

E^iz) := X^{z)/z, z G i?^(C+). 

Note that i?/.(zC+) ^ ^t,i3,A ■= {z e C+ : p < \z\ < A,a < aigz < 27r - a} 
for some < /3 < A and a G (0,7r). In addition we conclude from ()2.8j) that 
argi?^(z) ^ argz for z G C+ and argi?^(z) = vr for 2; G (— oo,0). Therefore 
argS^(2;) ^ 0, Im^; ^ 0, and argS^(2;) = 0, z G (— oo,0), where ^^{z) is defined. 

Let /ii and /X2 denote p-measures in with corresponding transforms -R^^ 
and i?^2 defined in ()2.7|) . which are in the klass JC. 

We shall define the free multiplicative convolution using the transforms -R^^ 
and R^2 by means of the following characterization which (after exchanging ad- 
dition with multiplication) is identical to characterization ()2.3|) for the additive 
convolution. 
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Theorem 2.4. There exist two uniquely determined functions Zi{z) and Z2{z) 
in the Krein class K, such that 

(2.10) Zi{z)Z2{z) = zR^,{Zi{z)) and R^,{Zi{z)) = R^.iZ^iz)), ^ G C+. 
Introduce 

R{z) := R^^{Zi{z)) and i){z) := R{z) / {I - R{z)), ^ G C+. 

Then, by ()2.8|) for R^^ and Zi, we note that R{z) and R{z)/z are functions in 
the class M and R{—x) — > as x — for x > 0. Hence, by CoroUary 3.3 
(1), R{z) G /C. Using this assertion we easily see that ipi^z) G Af, ip{z)/z G A/", 
and lim2;^o,x>o ^(■~2;) = 0. Moreover, by representation ()2.8|) for R{z), we have 
Yimx^_oo'4>{x) / X = 0. Hence the function ip{z)/z admits the representation ()2.8|1 
with a = 0, i.e., 

2 J t — z J 1 — uz 

(O.oo) (0,oo) 

where is a nonnegative measure satisfying condition ()2.9|) and /i^ is a nonneg- 
ative finite measure. 

Note that \im^^_ooip{x) = —1 if and only if in representation ()2.8p for R{z) 
either a > or r((0, oo)) = oo. In this case, by ()2.11|) . we may represent ip^z) G /C 
as = ipfj,y see ()2.6|1 . with some p-measure /i G such that /i({0}) = 0. 
In addition i? G /C may be represented as R{z) = R^{z)^ z G C^. Therefore 
ip^^{Zi{z)) = ^^{z). 

Let in ()2.8j) for R{z) a = and r((0,oo)) < oo. Then, as it is easy to see, 
lim2;^_oo 'ipi^) = ~P = ~t((0, oo))/(1 + r((0, oo))). Again, by ()2.1H) . we get for 
ip{z) representation ()2.6|) with some p-measure /i G and /i({0}) = 1 — p. 
Thus, '?/'(2;) = 'ip^iz) and -R(2;) = -R^(;i;), ;i; G C"*". Hence -j/^^^ (^1(2;)) = '?/'^(2;). 

The p-measure fj, is determined uniquely by the p-measures fii and fj,2- 

We define /i := /ii Kl /i2. Since R^j^{Zi{z)) = R^^{Z2{z)) for z G C"*", we have 
yUi Kl /i2 = /i2 /ii and it is easily verified that this convolution is associative as 
well. 

From Theorem 2.4 we conclude that the relation Yi^^{z)Ti^^{z) = T,^{z) holds 
on R^j^{iC~^) n -R^2 (^'C"''). This relation is due to Voiculescu j2H] and Bercovici 
and Voiculescu 

Corollary 2.5. Let jii, ...,//„ G T/iere ezzsi unique functions Zi{z), . . . , Zn{z) 

in the class JC such that, for z E , 

Zi{z) . . . Zn{z) = z{Rf,^{Zi{z)))'' \ and R^^{Zi{z)) = ■ ■ ■ = R^^{Zn{z)). 

Moreover, R^,^^...m^lAz) = Rfii{Zi{z)) for all z G C+. 

Let /ii = /ii = ■ ■ ■ = /in = yU. Denote /^i Kl ■ ■ ■ Kl /i„ = /i"^. 



8 Free convolutions 

Corollary 2.6. Let ^ G There exists an unique function Z E K, such that 

(2.12) {Z{z)r = z{R,{Z{z))Y~\ z e C+, 

and R^„s{z) = R^{Z{z)), z e C"*". 

Again relation ()2.12|1 holds if we replace integers n by real numbers t ^ 1. This 
shows that there is a semigroup ut G M + , t ^ 1, such that = T,^^{z). 

Thus we have defined the Voiculescu semigroup (A^+, Kl), based on properties 
of functions of the Krein subclass /C of the class A/" of Nevanlinna functions. In 
the following we consider the case of spectral p-measures on the unit circle T. 

Multiplicative free convolution on the unit circle 



Let yU be a p-measure on T. Following Voiculescu jzH], we define a transform 
of the p-measure fi on T, by 

T 

The function ip has a convergent power series representation in D := {2; G C : 
\z\ < 1}, the open unit disk of C, such that ipfiiO) = 0. 

Let denote the set of p-measures on T such that fj$, /^(c^O 0- 

If /i G A^*, it follows that the function 

:=^^/(1 + Vm) 

has a right inverse defined in a neighborhood of denoted by Dq, := {2; G 

C : l^;] < a} with some < a ^ 1, such that Qlr^\o) = 0. Let 

denote the so called S-transform of /i. 

Denote by C the class of analytic functions F[z) on D ^ — z(C^UlR) introduced 
by Caratheodory. 

Note that 

^ / ^ i^uiz) F(z) - 1 

where F{z) := 1 + 2?/^^(z) is a function of Caratheodory's class C. Such functions 
F{z), by ()3.1|) and F{0) = 1, see Section 3, have the form 

F{z) = jj^^^dO. 

T 

where a is a p-measure. 

Define S to be so called Schur class of analytic functions D ^ D (see Section 3), 
where D is the closure of D. 
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We see from (2.13), that Q^j, E S and since ip^{Q) = and /i G A^*, Q^(0) = 

0, g^o) ^ 0. 

In the sequel we denote by 5* the subclass of 5 which consists of Schur functions 
Q with properties Q(0) = and Q'(0) 0. 

Since G 5*, by the Schwarz lemma, we have ^ 1 for z G D. Hence 

IQIi ^\z) / z\ ^ 1 in a. neighborhood of 0. Moreover, both ()H.2|1 induces a one-to- 
one correspondence between the classes C and S, and ()2.1Hj) induces a one-to-one 
correspondence between functions F E C such that F(0) = 1 and 7^ 0) 

functions of the class 5*. 

Let Hi and /i2 denote p- measures in A^* and let Q^^ and Q^^ be Schur func- 
tions which correspond to these measures, by ()2.13p . We now define the free 
multiplicative free convolution hi KI /i2 based on Q^^ and Q^^ using the following 
characterization. 

Theorem 2.7. There exist two functions Zi{z) and Z2{z) in the set S^, such that 



(2.14) Zi{z)Z2{z) = zQ^,{Zi{z)) and Q^,{Zi{z)) = Q^,{Z2{z)). 

The functions Zi{z) and Z2{z) are unique solutions of l\2.14l in the class S^. 

Consider the function (2'i(z)). It is easy to see that it belongs to Schur's 
class S and Q^,(Zi(0)) = 0, Q'^^{0)Z[{0) ^ 0. Therefore Qf,^{Zi) G 5, and 
Q^j^{Zi{z)) = Q^{z) for z G D, where Q^{z) has form ()2.13p for some p-measure 
/X G A^*. This measure is determined uniquely by the p-measures /ii and fi2- 
Define /i := /ii Kl /i2. Since Q^j^{Zi{z)) = Q^^i^^iz)) for 2 G D, we get /ii Kl /i2 = 
/i2 Kl /ii. It is easy to verify that the operation Kl is associative. Using relation 
()2.13j) between the function Q^{z) G 5* and the function ip^{z), we conclude that 
ip^{z) = T/^^j (Zi(2;)) for 2; G D. In addition we have in some neighborhood of 

(2.15) Q^^Oi^^Q^^l S,,(.)S,,(z) = S,(z). 

z z z 

This formula is due to Voiculescu [2H], [H| (1992). 

Note that Vasilchuk j2E] (2001) studied the normalized eigenvalue counting 
measure of the product of two n x n unitary matrices and the measure of product 
of three n x n Hermitian positive matrices rotated independently by random 
unitary Haar distributed measures. He extended the method used in Pastur 
and Vasilchuk [23] and established the convergence in probability as n — > 00 to 
a limiting nonrandom measure. Furthermore, he derived functional equations 
for the Herglotz and Cauchy transforms of limiting distributions under some 
restriction on counting measures. From Theorem 2.4 and Theorem 2.7 it follows 
that his equations are equivalent to ()2.10p and ()2.14j) . 

For the multiplicative free convolution the analogues of Corrolary 2.2 and 
Corollary 2.3 hold. 
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Corollary 2.8. Let /xi, e A^*. There exist uniquely determined functions 

Zi{z), . . . , Zn{z) in the class iS* such that, for z E D, 

Zi{z) . . . Zn{z) = z[Q^,^{Zi{z))Y ^ , and Q^,^{Zi{z)) = ■ ■ ■ = Q^^{Zn{z)). 
Moreover, Q ^,^m■■■m^Jin{z) = Q^^{Zi{z)) for all z eD. 

Corollary 2.9. Let fi G Ai^. There exists an unique function Z E S^, such that 
(2.16) {Z{z)r = z{Q,{Z{z))y-\ zeD, 

and Q^nta{z) = Q^{Z{z)), z e D. 

Note that relation ()2.1(i|l holds if we replace integers n by real t ^ 1. This 
shows that there is a semigroup z/^ G A^*, t ^ 1 such that {T,^{z)y = T,,^^{z). 

Thus we have defined the Voiculescu semigroup Kl), based on properties 
of functions of the subclass 5* of the class S of Schur functions. 

Arithmetic of p-measures in Voiculescu's semigroups 

Now we consider the problem of the decomposition of measures /i of the com- 
mutative semigroups (A^,ffl), (A1+,KI), and (A1*,K1). In the sequel we shall 
denote these semigroups by a symbol (M, o), where M means A4, Ai^, and 
o means the operations ffl, Kl. The following notions are analogues of the classical 
ones for {^A, *). 

We shall say that /ii G M is a free factor or just factor of /i G M if there 
exists G M such that fi = fiio fi2- Every /i G M has factors. Indeed, we have 

= ° ifi' ° ^b), where b = —a, a G IR, in the case of the semigroup (A^, ffl), 
b = l/a,a > 0, in the case of (A1+,K1), and b = 1/a, a G T, in the case of 
(Al*, Kl). Hence 6a and fio Sb are factors of /i. Such factors are called improper. 
A p-measure /i which is not a Dirac measure is called indecomposable if it has 
improper factors only. Such p-measures may be regarded as simple elements of 
this semigroup. If fi in (M, o) is not indecomposable it is called decomposable. 
Two measures /ii and /i2 are called equivalent, /ii ~ /i2, if /ii = fi2 ° ^a, where 
a G IR in the case of (Ai, ffl), a > in the case of (A1+, Kl), and a G T in the case 
of {M,,^). 

As in the classical theory of convolutions, a measure fi is called o- infinitely 
divisible (or i.d. for short) if, for every natural number n, fi can be written as 
/i = Vnov^o- ■ -ovn {u tlmcs) with Un G M. The measure 6a is necessarily infinitely 
divisible. Note that all i.d. measures are decomposable and Dirac measures have 
this property. As mentioned in the introduction a measure G M is to the class 
Iq relative o if /x is o-infinitely divisible and has no o-indecomposable factors. 

Khintchine (1937) was the first who studied the arithmetic of the semigroup 
(Al,*) of distribution functions on R with respect to the convolution *. He 
derived for this semigroup the three basic results. 

1. Limit of triangular arrays. Obviously an i.d. element fi of (Al,*) can 
always be represented as the limit of a convergent infinitesimal triangular array. 
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2. Classification. Any element fi of (Ai,*) belongs to one of the following 
classes. Either 

(1) /i is indecomposable, 

(2) fi is decomposable (possibly i.d.) and has an indecomposable factor, 

(3) fi is i.d. and has no indecomposable factors. (This class of p-measures is 
denoted by Jq.) 

(Compare the description of Delphic semigroups in the introduction.) 

3. Representation. For each fi in Ai one may decompose 

fi = U * fii * fi2 * . . . 

in at least one way, where u is i.d. and has no indecomposable sub-factor, and 
each fij is indecomposable. The convolution product is at most countable and 
may be finite or void. 

Note that Gaussian distributions (Cramer (1936)), Poisson distributions (Rai- 
kov (1937)) and the convolution of Gaussian and Poisson distributions (Lin- 
nik (1957)) belong to the class Iq. Hence in the semigroup (M.,*) the class 
Iq has nontrivial elements (besides the trivial units 6a)- 

A number of papers have been devoted to the study of the arithmetic of semi- 
groups of p-measures. We refer the reader to the monograph of Linnik and Os- 
trovskii jTH] (1977), the surveys of Livshic, Ostrovskii and Chistyakov [TJI (1975), 
Ostrovskii ^ (1977), |S] (1986). 

We shall consider the semigroups (M, o) introduced above and we study their 
arithmetic using the theory of Delphic semigroups, (see Kendall ^1], Davidson [Hj 
-^I]). Kendall and Davidson developed Khintchine's theory for a wide class of 
semigroups (Delphic) where Khintchine's basic theorems remain valid. 

In the semigroup ffl) i.d. p-measures were first considered in Voiculescu fT7\ . 
where compactly supported ffl-i.d. measures were characterized. P-measures with 
a finite variance were considered in Maassen ^H] and Bercovichi and Voiculescu j3] 
gave characterization of general i.d. p-measures fi G Ai. There is an analogue 
of the Levy-Khintchine formula, (see jSHI, [Hj; |1]) which states that a p-measure 
fi, on [R, is i.d. if and only if the function '■p^{z) has an analytic continuation to 
the whole of C"*", with values in C~ U IR, and one has 

(2.17) hm ^ = 0. 

By the Nevanlinna representation for such function, we know that there exist 
a real number a, and a finite nonnegative measure on IR, such that 

(2.18) ^Jz) = a+ I ^-^u(du), zeC+. 

I z-u 



There is a one-to-one correspondence between functions ^fj,{z) and couples {a,v). 
For this reason we shall sometimes write ip^ = (a, i^). 
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Formula ()2.18|1 is an analogue of the well-known Levy-Khintchine formula for 
the logarithm of characteristic functions (p{t] fi) := f^e^^"^ fi{du), t G R, of *-i.d. 
measures ^ E M.. A measure ^ E M. is *-i.d. if and only if there exist a finite 
nonnegative Borel measure z/ on R, and a real number a such that 
(2.19) 

log<^(t;/i) = ^(t):=exp|zat + j (e''^ - I - -—^^—^ ^{du)^ t G R, 

R 

where (e**" — 1 — itu/{\ + u^)){l + u^)/v?' will be interpreted as — 1^/2 for n = 0. 
There is a one-to-one correspondence between functions f^{t) and couples {a,u). 
For this reason we shall sometimes write = (a, i^). 

In the classical case the precise formulation of the Khintchine limit theorem 
for (A^, *) is as follows: 

Let {/i„fc : n ^ 1, 1 ^ A; ^ n} be an array of infinitesimal measures in M., i.e., 

(2.20) lim max fink{{u ■ \u\ > £}) = 

for every e > 0. In order that fi E Ai he the limit in the weak topology of 
distributions /i*^"^ = 6a„ * /Xni * /in2 * ■ ■ ■ * firm — ^ fi for some suitably chosen 
constants a^, it is necessary and sufficient that /i be i.d. 

(Without loss of generality, we shall in the sequel consider arrays of the length 
n instead of kn)- 

The Khintchine limit theorem in free probability theory has the same form for 
the measures yU*^"^ = 5a„ ffl fini H fin2 ffl ■ ■ ■ ffl /inn- 

This theorem was early proved by Bercovici and Pata [7] (2000). We give 
another proof of this result as a consequence of the theory of Delphic semigroups. 

The i.d. measures in {Ai+,^) have been characterized by Voiculescu |28j . 
Bercovici and Voiculescu [H], jlj. There is an analogue of the Levy-Khintchine 
formula which states that a measure /i G A4+ is Kl-i.d. if and only if there exist 
a finite nonnegative measure z/ on (0, oo) and real numbers a and 6^0 such that 

r /" 1 ~l~ uz ^ 

(2.21) J:^{z) = exp <a -bz + / u{du)>, < arg^ < 27r. 

For this reason we will write = (a, b, u). 

In other words, a measure /i G is Kl-i.d. if and only if 



(2.22) S^(^) = exp{-M(^)}, zEC 



+ 



where u{z) G A/" and u{z) is analytic and real valued on the negative half-line 
(-00,0). 

Khintchine's limit problem for multiplicative free convolution may be formu- 
lated as follows. 
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Let {fink '■ n ^ 1, 1 ^ k ^ n} he an array of measures in such that 

(2.23) hm max fink{{u ■ I'W ~ 1| > ^}) = 

for every e > 0. The measures fink G are called infinitesimal. 

We shall characterize in Theorem 2.10 the class of p-measures fi E Ai+ such 
that /i*-"-* = 5a„ Kl /i„,i Kl fin2 ■ ■ ■ Kl /i„,„ ^ yU in the weak topology for some suitably 
chosen positive constants a„. 

The i.d. measures of the semigroup {Ai^,^) were characterized in |2H], 
There is an analogue of the Levy-Khintchine formula which states that a measure 
fi G is Kl-i.d. if and only if there exist a finite nonnegative measure u on J 
and a real number a such that 

(2.24) E^(^) =exp|za + y" ^^i^(dO}, ^ ^ ^■ 

For this reason we will write S = (a, i/). 

In other words, a measure /i G is Kl-i.d. if and only if 

(2.25) S^(2) = exp{viz)}, z G D, 
where v{z) G C. 

Let {yUnfc : ?T- ^ 1, 1 ^ A; ^ be an array of measures in A^*. We shall call 
the measures fink infinitesimal if 

(2.26) lim max finkii^ ■ I arg^| > e}) = 0. 

The Khintchine limit problem for multiplicative free convolution for measures 
fi G Ai^: has the same form as in the case of /i G with constants a„ G T. 

We give the solution of the Khintchine limit problem, proving the following 
result. 

Theorem 2.10. Let {fink '■ n'^l,l^k^n}be infinitesimal probability 
measures in the semigroup (M, o). The family of limit measures of sequences 
= o fi^i o fXj^2 o ■ ■ ■ o for some suitably chosen constants an coincides 
with the family of o -infinitely divisible p-measures. 

The arithmetic of the semigroups (M, o) is described in the following results. 

Theorem 2.11. The element fi o/ (M, o) can be classified as follows. Either 

(1) fi is indecomposable, 

(2) fi is decomposable {possibly infinitely divisible) and has an indecomposable 
factor, 

(3) fi is infinitely divisible and has no indecomposable factors. ( This class will 
be denoted by Iq.) 

p-Measures may be decomposed as follows 
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Theorem 2.12. Every probability measure /i, which has indecomposable factors, 
can be expressed in the form 

(2.27) /i = /io o /ii o o . . . , 

where fio G /q and the probability measures fii, ^2, ■ ■ ■ CLf'G indecomposable {its 
number may be finite or enumerable). 

We will show that representation ()2.27|1 is not unique. 

The class Iq in (M, o), mentioned above may be described as follows. 

Theorem 2.13. In Voiculescu's semigroup (M, o) the class Iq is trivial, that is 
If) is the class of Dirac measures. 

Concerning indecomposable p- measures we show the following result. 

Theorem 2.14. The probability measures with support consisting of a finite num- 
ber of points are indecomposable in (M, o). 

Corollary 2.15. The class of indecomposable elements 0/ (M, o) is dense in 
(M, o) in the weak topology. 

Theorem 2.11 describes the class Jq as the class of i.d. elements of (M, o) which 
have i.d. components only. Bercovici and Voiculescu [S] proved that a semicircu- 
lar measure does not belong to the class Iq in the semigroup {Ai, ffl). This result 
follows from Theorem 2.13. 

Speicher and Woroudi |21] (1997) introduced a further convolution operation 
on Ai denoted [+J. Let fi E A4. Denote as before by the Cauchy transform of 
/i and hj = : ^ its reciprocal. We have Im^; ^ ImF^(z) so that 

the function E^{z) := z — F^{z) maps to C~U[R, and, in addition, E^{z)/ z 
as z ^ 00, z E Ta for any fixed a > 0. Conversely, HE: C"*^ ^ C~ U IR is 
an analytic function so that E{z)/z ^ as 2; — 00, 2; G for any fixed a, 
then there exists fi E A4 such that E^^ = E. This observation leads to the formal 
definition of the Boolean convolution. Given fi,!/ E Ai, there exists p E M. such 
that 

Ep = E^ + Ey. 

The measure p is called the Boolean convolution of /i and z/, and it denoted 
/i [+J z/. Boolean convolution is an associative and commutative law, with 5o as 
the zero element. We have (5s 1+) 5t = 5s+t, but generally (5t 1+) /i is not a translate 
of /i. Speicher and Woroudi [21] treated the central and Poisson limit theorems, 
characterized i.d. and stable distributions and proved analogues of the classical 
theorems of Cramer, Marcinkiewicz, Kac and Loeve. Bercovici and Pata [H] 
(1999) established limits law for Boolean convolutions. 

Speicher and Woroudi [21] noted that all p-measures are i.d. It is easy 
to see that the class of indecomposable elements in the semigroup (A1,l+)) is 
empty. Moreover, the class of i.d. elements coincides with the class /q. Therefore 
Theorem 2.12 in (A1, [+)) obviously holds. 
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3. Auxiliary results 

In the following we state some results about classes of analytic functions (see 
Akhiezer P (1965), Section 3, and Akhiezer and Glazman [2] (1963), Section 6, 
§59). 

By C we denote C. Caratheodory's class of analytic functions F{z) : D 
{z : lie z ^ 0}. A function F is in C if and only if it admits the following 
representation (Herglotz, G., Riesz, F.) 

(3.1) F{z) = za + 1 



T 



where a = ImF(O), T is the unit circle, and a is finite nonnegative measure. 
The number a and the measure a are uniquely determined by F. 

By S we denote J. Schur's class of analytic functions ^p{z) : D ^ D. The classes 
C and S are connected via 

(3,2) = 

which induces a one-to-one correspondence between C and S. 

Finally we denote by A/" R. Nevanlinna's class of analytic functions f{z) : C"*" — >■ 
C+ U R. A function / is in A/" if and only if it admits an integral representation 

/I ~t~ UZ /" / 1 11 \ 
T(du) = a+bz+ / ( ) (iW) T(du), 
u — z J \u — z l + U^J 

R R 

where b ^ 0, a E R, and r is finite nonnegative measure. Here a, b and r are 
uniquely determined by /. More precisely we have a = Re/(z) and t(IR) = 
Im/(z) — b. From this formula it follows that 

(3.4) f{z) = {b + o{l))z 

for z E such that |Rez|/Im2; stays bounded as \z\ tends to infinity. Hence 
if 6 7^ 0, then / has a left inverse f^~^^ defined on the region F^^^ defined (in 
Section 2) for any a > and some positive /3 = /?(/, a). 
A function / G A/" admits the representation 

(3.5) .eC-, 

J u - z 

where a is a finite nonnegative measure, if and only if sup^^j.^ y\f{iy) \ < oo. 

Note that the class JF coincides with the subclass of Nevanlinna functions 
for which f{z)/z ^ 1 as z ^ oo nontangentially. Indeed, reciprocal Cauchy 
transforms of p-measures have obviously such property. Let / G A/" and f{z)/z 
1 as z oo nontangentially. Then, by ()3.4|) . / admits the representation ()3.3p . 
where 6=1. By ()3.4|1 and ()3.5|1 . we see that —l/f{z) admits the representation 
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()3.5j) . where a & Ai. It follows from ()3.3j) with 6=1 that a function ] ^ T 
admits the inequality 

(3.6) Im/(2)^Im^, 2 G C+. 

The Stieltjes-Perron inversion formula for a function f E M has the following 
form. 

Let i){u) := /q"(1 + t^) T{dt). Then 

(3.7) ?/^(u2) - iIj{ui) = lim - / Im/(^ + irj) d^, 

n^o 71 J 

Ul 

where ui < U2 are continuity points of the function ip{u). 
The following two results are due to Krein, M. 

Theorem 3.1. The function f{z) admits the representation 

3.8 f(z) = a+^ — ^, 0<arg^<27r, 

J u - z 

R+ 

where a ^ and t is a nonnegative measure such that 

f ridu) 

(3.9) / TT^ < 

R+ 

if and only if f{z) G M and f{z) is analytic and nonnegative on (— oo,0). 

Theorem 3.2. A function f{z) E Af he analytic and nonnegative on (— oo,0) if 
and only if zf{z) is in M . 

Corollary 3.3. (1) A function f{z) E Af is analytic and nonpositive on 
(— oo, 0) if and only if f{z)/z is in M . 
(2) A function f{z)/z admits a representation ^3.^ with a nonnegative mea- 
surer satisfying assumptions andr({0}) = if and only if f{z) G /C. 

Proof. At first we shall prove the assertion (1). Let the function f{z) G J\f 
be analytic and nonpositive on (— oo,0). Then the function —l/f{z) G A/" and 
satisfies the assumptions of Theorem 13.21 By this theorem, —z/f{z) G A/" and 
therefore f{z)/z G M. The converse assertion follows by repeating the previous 
arguments. 

Let us now prove the assertion (2). It easy to see that f{z) G /C if the func- 
tion f{z)/z admits a representation ()3.8p with a nonnegative measure r which 
satisfies assumption ()3.9|) and r({0}) = 0. The converse assertion follows from 
the assertion (1) of Corollarv 13.31 and Theorem 13.11 □ 

Proposition 3.4. Let f{z) E M he analytic and nonpositive on (— cxd,0). Then 
f{z) is univalent in the left half-plane iC"*". 
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Proof. Since the function f{z)/z admits representation ()H.8|1 . we see that 
f{zi) - f{z2) = {zi- Z2)(a+ / ^ ^-^idu)) 

V J {U-Zi){u-Z2) / 

(0,00) 

for all zi, Z2 G C+. Since for zi ^ Z2 and 21, 2:2 G C''" fl iC"*" 
Im / 7 -T{du) 

J {U-Zi){u-Z2) 
(0,00) 

-(Re2;i Im2;2 + Re2;2lm^i) + wflm^i + Im2;2) x ,^ 
^— — UT[du) ^ 0, 



\u — Zxy\u — Z2\ 



(0,00) 



we conclude from the preceding formula that ji^Z\) 7^ f{^Z2) for the considered 
Z\ and Z2. Hence /(2;) is univalent in C'^ fl iC"*^. Since /(C'^) C and / is 
strictly increasing on (—00, 0), the univalence of / on zC'^ follows from the identity 

/(^) = W)- □ 

We need as well the following well-known result about Schur functions Qy, G iS^, 
(the definition of Qy, see in fj2.13|) ). 



g;,(o) + z^i(z) 



Proposition 3.5. Let fi & S^,, then 

Quiz) = ; 

i + Q',{o)z^i{zy 

where (pi{z) G S. 



We need the following result about the behavior of nondecreasing functions 
(see HE], Ch. 4, §16). 

Proposition 3.6. Let u be a nonnegative finite measure. If u{[a,b]) > and 
i>{[a,x)), a < X < b, is a continuous function, then there exists [a,P] C [a,b] 
such that u{[a,a + h]) > ch and ud/S — h,l3]) > ch for all < h ^ h^, where 
c > and h^ > depend on the measure v. 

We also need some results of the theory of real and complex variable (see [T^ 
(1969), [H (1965)). 

Theorem 3.7. (Weierstrass' preparation theorem) Let F{z,w) be a function of 
two complex variables which is analytic in neighborhood \z — zo\ < r, \w — wo\ < p 
of the point {zq,wo), and suppose that 

(3.10) F{zo,wo) = 0, F{zo,w)^0. 

Then there is a neighborhood \z — Zo\ < r' < r, \w — Wo\ < p' < p where F{z, w) 
may be written as 

(3.11) F{z, w) = {Ao{z) + Ai{z)w + ■■■ + Ak_i{z)w''-^ + w'')G{z, w), 
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k is determined by 

dF{zo,Wo) _ d''-^F{zo,Wo) _ ^ O^F^Zq, Wq) _^ ^ 
dw dw^~^ ' dw^ ' 

the functions Aq{z) , Ai{z) Ak_i{z) are analytic for \z — zq\ < r' , and the func- 
tion G{z,w) is analytic and nonzero on the set \z — zo\ < r', \w — wo\ < p' . 

Theorem 3.8. Let {un{z)}'^^i denote a sequence of functions which are har- 
monic in a domain B. If {un{z)}'^^^ is uniformly hounded in the interior of 
B, it contains a subsequence that converges uniformly in the interior of B to 
a harmonic function in B. 

Theorem 3.9. Given a domain B and a sequence {fn{z)}'^=i of regular func- 
tions in B, suppose the sequence {un{z)}^^^ = {Re fn{z)}'^^i converges uniformly 
on every compact subset of B, and suppose {fn{z)}'^=i converges at some point 
Zq G B. Then {/n(-z)}J^i converges uniformly on every compact subset of B to 
a regular function. 

Theorem 3.10. [Vitali) Let {/n(-2)}5^i denote a sequence function that are re- 
gular in B. Suppose that {fn{z)}'^=i is uniformly bounded in the interior of 
B and converges on a set of points z^ G B, k = 1,2,..., that has a cluster 
point in the interior of B. Then, the sequence {/n(^)}^i converges uniformly in 
the interior of B. 

In the sequel we shall need the following two results of Bercovici and Voiculescu 

Proposition 3.11. Let {pn}^_^ be a sequence of p-measures on R. The following 
assertions are equivalent. 

(1) The sequence {nn}'^_^ converges weakly to a p-measure yU. 

(2) There exist a, (3 > such that the sequence {(Pij.^}'^_-^ converges uniformly 
on the compact subsets ofV^^p to a function tp, and ^fj.„{iy) = o{y) uni- 
formly in n as y ^ +oo. 

Moreover, if (1) and (2) are satisfied, we have ip = ip^ in Ta^p. 

Proposition 3.12. Let {nn}'^=i be a tight sequence of p-measures on IR+ such that 
5q is not in the weak closure o/{/i„}J^-^. The following assertions are equivalent. 

(1) The sequence {jjin}^=i converges in the weak topology to a measure fi. 

(2) There exist numbers a G (0, vr) and < j3 < A such that the sequence 

converges uniformly on T'^p ^ to a function S. 

Moreover, if (1) and (2) are satisfied, we have H = in F^^^. 

We need the following result of Bercovici and Voiculescu j3] as well. 
For positive number a denote Dq, := {z G C : \z\ < a}. 

Proposition 3.13. Consider a measure fi G A^* and a sequence fij G j = 
1, . . . . The following assertions are equivalent. 
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(1) The sequence {fin}'^=i converges in the weak topology to a measure fi G 

(2) There exists a positive number a such that the sequence {S^^. }^]^ con- 
verges uniformly on Dq, to a function S^. 

Moreover, if (1) and (2) are satisfied, we have S = in Da- 

Finally we need some results on Delfic semigroups which will be used in Sec- 
tion 6. 

In the paper we consider metric semigroups only. For such semigroups we use 
Davidson's version P of the definition of Delphic semigroups. 

Definition 3.14. A semigroup G {under a product semigroup operation ■) is 
called Delphic if G is commutative, has an identity e, and satisfies the following 
conditions: 

(1) There exist a set M C YlJLi G and map I of M into G. (M is the set of 
sequences of elements of G that possess limits, and I is the operation of 
taking the limit.) 

(2) If the sequence is in M and {n'} is a subsequence of {n}, then 
is also in M and /{«„/} = l{un}- 

(3) Let u be arbitrary in G. If {un} is such that for every subsequence {n'} 
of {n} there is a sub-subsequence {n"} of {n'} with in M and 
l{un"} = u, then is itself in M and = u. 

(4) If {un} and{vn\ are in M , then so is andl{un-Vn} = 

(5) There is a homomorphism D of G into IR4. under addition, such that if 
{un} in M then the limit lim„^oo exists and equals D{l{un})- 

(6) D{u) = if and only if u = e. 

(7) If for every n Un is a factor of u, then there is a subsequence {n'} of {n} 
such that {un'} is in M and is a factor of u. 

(8) Suppose that 1 ^ j ^ n < 00, denotes a triangular array such 
that maxi^j^n D{unj) ^ as n ^ 00. Let Un = Y\^j=i'^nj for each n. 
If the sequence of row-products is in M , then is infinitely 
divisible. 

In the sequel we denote by I{G) the set of i.d. elements of the group G. 
There are three main theorems for such Delphic semigroups: 

Theorem 3.15. {Davidson {1968)) 

(1) Every infinitely divisible element can be represented as the limit of a tri- 
angular array {for definition see (8) above) . 

(2) In every Delphic semigroup there are three exclusive and exhaustive classes: 

(a) the indecomposable elements 

(b) the decomposable elements which admit an indecomposable factor 

(c) the infinitely divisible elements which have no indecomposable factors 
{a set we shall denote by Iq). 



20 



Free convolutions 



(3) For each u in the semigroup there is at least one representation u = 
w ■ Yl^'j' where w is in Jq and each vj is indecomposable. The product is 
at most countable and may be finite or void. 

Definition 3.16. Let G be a semigroup and let H be a non-empty subsemigroup 
of G. H is said to be hereditary in G if for every u in H , the set of factors of u 
in G, say F{u), satisfies F{u) C H . 

In the sequel we need the following assertions about Delphic semigroups (see [HI). 

Proposition 3.17. Let G be a commutative metric semigroup, and let {Go) {a in 
some index set A) be a collection of hereditary subsemigroups of G that together 
cover G. If every Ga is Delphic then Theorem \S.lfA of this section holds for G. 



Proposition 3.18. Under the conditions of Proposition \^~T} suppose that for all 



a in A, Ga is open in G. Let {u(j,l)), 1 ^ / ^ j < oo, be a triangular array 
of elements of G whose row products u{j) = Y[''i=i "^(j? converge to u in G as 
j oo. Assume that u & Gf, for some b ^ A. //linij^oo maxi<ji^j Dh{u{j, I)) = 0, 
then u is infinitely divisible in G. 



4. Additive free convolution 

In this section we prove Theorem 2.1 and its consequences. We need the fol- 
lowing auxiliary results. 

Lemma 4.1. Let : ^ C~ be analytic with 

(4.1) liminfMM = 0. 

y^+oo y 

Then the function f : ^ C defined via z ^ z + g{z) takes every value in C"*" 
precisely once. The inverse 

/(-I) : c+ ^ C+ thus defined is in the class T . 

This lemma generalizes a result of Maassen ^Hl (see Lemma 2.3). Maassen 
proved Lemma 4.1 under the additional restriction \g{z)\ ^ cj\m.z for z G C'^, 
where c is a constant. 

Proof. Since g : ^ is analytic, it can be written in Nevanlinna's integral 
form (see ()3.3p in Section 3) 

(4.2) g(z) = a-bz - J ^^^-^a{du), 

where a, G IR, 6 ^ and a is a finite nonnegative measure. By ()4.1|) . 6 = 0. 
Denote Oc '.= o"({|n| > c}), where c > is chosen such that Oc < 1. We may 
decompose 1 + uz in the integral (4.2) as 1 + + u{z — u) for \u\ ^ c and as 
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1 + z'^ + z{u — z) for \u\ > c. Hence we get f\z) = ac + fi{z) + f2{z) for z G C"*", 
where Oc := a + /[.^c] ua{du) and 

f 1 + 

fi{z) := {1 - ac)z - / a{du), f2{z) 

J u — z 

[-c,c] 

Let w G C"*", denote Wi := w — Qc- For every fixed w G C"*^ we consider a closed 
rectifiable curve 71 = 71 (w) (see Figure 1) consisting of some smooth curve 

71.1 connecting wi — R to Wi + R inside the strip < Im^ < Imw, the arc 

71.2 : < arg(2 — Wi) ^ 77 on the circle [2; — Wi| = R connecting Wi + R to 
Wi + Re^^, the arc 71^3 : 77 < arg(2; — Wi) ^ tt — 77 on the circle |2 — Wi| = R 
connecting Wi + -Re*'' to Wi — Re~^^, and the arc 71^4 : vr — 77 < arg(2; — Wi) ^ n 
on the circle |z — Wi| = R connecting wi — Re~^^ to Wi — R. Here t] is given by 
1] := 10~^ min{arg wi, — argwi}. We also assume that i? > is sufficiently large. 




71.1 
• 





Figure 1. 




|nl>c 



Note by ()4.2j) with b = that max^g^^ 3 |(yf(2)|/|2;| — > as i? — > 00. We also 
see that on 71^3 Im z ^ Imu; + R sin rj. Since — Im g{z) = o{R), z G 71,3, we have 
Im/(2;) ^ Imw + Rsint] — o{R) > Imw;, z G 71,3. Therefore, if z runs through 
7i 3 the image f{z) lies in the half-plane Im^; > Imw. 

For z G 7i,i, lm{z + g{z)) < Imz ^ Imw. Therefore, if z runs through 71^1 
the image f{z) lies in the half-plane Imz < Imw. 

Let 2: G 7i,2- It is easy to see that, for \z\ > c, 

.. 00 „ 
/i(^) = (l-a,)z(l + — -5^— ^ / u'~\l + u')a{du)) 

k = \ r , 

[-c,c] 
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Therefore we obtain the following formula, for \z\ > 2(c + 1)((t([R) + 1)/(1 — Oc), 

oo 

log/i(z) = log(l-aJ+log2: + ^^^, 



where real coefficients such that \am\ ^ K'^,m = 1,..., with some 

positive constant K. Here and in the sequel we choose the principle branch of 
the logarithm. Hence, for 1^1 > 2K, 

/.ON ./N ^ On^sin ((m + l)argz) 
(4.3) arg /i {z) = arg z - 2^ —— 



m=l 

oo 



^ K"'(m + 1)\ ( ^ K 



m=l 



arg 2;, 



where G denotes a real- valued quantity such that |0| ^ 1. On the other hand we 
easily obtain, for \z\ > 2, 

arg(l + 2^) = 2fl + ^) arg 2;. 



\z 



2 J 



Therefore we conclude from the definition of f2{z), taking into account that 

_ r ajdu) p- 
J\u\>c u-z ^ ^ ^ 

29 \ 29 \ 



(4.4) -7r + 2(^l + — )arg2;^arg/2(z) ^2(^1 + — jargz, 2; G 71, 



2- 



From ()4.3|1 and ()4.4j) it follows that, for z G 71,2, | ai'g/i(-2) — arg/2(2)| < vr and 
therefore 

(4.5) -7r + 2(l + ^) arg 2; ^ arg(/i(2;) + /2(^)) ^ 2^1 + ^) arg^, z G 71,2- 

We conclude from ()4.5j) that the image C = /(^) li^s in the domain Di := {( & 
C : —71 < a,Tg( < Si]} when z runs through 712. In addition the point w does 
not lie in Di by the choice of the parameter rj. In the same way we deduce that 
the image ( = f{z) lies in D2 {C ^ C : tt — 3?7 < arg^ < 27r} and w ^ D2 
when z runs through 71 4. 

Hence f{z) winds around w once, and it follows from the argument principle 
that inside the curve 71 there is a unique point zq such that /(^o) = w. Since 
this relation holds for all sufficiently large -R > and all curves 71,1, we deduce 
that the point zq is unique in C"*". 

Hence the inverse function f^~^^ : C"*" ^ C"*" exists and is analytic in C^. By 
condition ()4.1|) . limy^^aoiw / f^~^Kw)) = 1 and therefore f^~^^ G JF. This proves 
the lemma. □ 

Let Zi G C"*" and 2:2 G C"^, and introduce the functions 

^1(2^1, 22) := ^1 + 2^2 - F^^{Z2), W2{zi,Z2) := Zi + Z2- F^^{zi). 
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Lemma 4.2. For every z E there exist unique points Z\ G C+ and Z2 G C"*" 
such that 

(4.6) z = Wi{zi, Z2) and z = W2{zi,Z2). 

Proof. Let us fix z G C"^. For every Z2 G we define Zi := z — {z2 — F^i^{z2)). 
Recall that F^^. G J^, j = 1, 2. Since, by (jSH), (^2 - i^/.2(^2)) G C" U R, it follows 
that zi E C~^. Hence it suffices to prove that the equation 

(4.7) F^,{z2) = F^,{z-iz2-F^,iz2))) 
has a unique solution Z2 E C'^. Rewrite ()4.7j) in the form 

Z = Z2- g^^, {z - {Z2 - F^^{Z2))), 

where g^^iw) := F^^{w) — w ioi w E C"^. We shall prove that 

(4.8) l^f^jj (2; — (i Im2;2 — -^Ai2(^ ^2))) 1/ 22 — ^ as \viiZ2^+oo. 
Let to the contrary 

(4.9) 1^^, [z - {iyk - F^^iiyk)) \/yk^c>0 

for some sequence {yk}'kLi such that yk ^ 1 and yk +00, and for a constant c. 

If liminfy^.^+oo \Wk — Ff^^{iyi:)\ < 00, then there exists a subsequence C 
such that limy/_^+oo {iy'i^ — Ff^^{iy[)\ < 00. It is easy to see, Im(2; — (zy^ — 
F^^{iy'^) ^ Imz and \z — {iy'^ — F^^{iy'f?j\ ^ \z\ + Ci for all yu and for some 
constant Ci > 0. Hence in this case we have \g^^ (z — (iy[, — F^^^iy'^,)^ \ ^ C2 for all 
y'l, and for some constant C2 > 0. This estimate contradicts to ()4.9|1 . 

Let liminfj^j,_>+oo Kl/fc — -^/i2(^l/fc)l = Since |5';xi(2; + 2lmw)|/Imw — > as 
Imw — i. +00 and |2lm22 — Ffj^,j{ilm. Z2)\/ lTaz2 — > as Im2;2 +00, we see that 

\9^^i{z-{iyk-Ff,^{iyk)))\\z-{iyk-Fi,^{iyk))\ 

— i r- r — r- — vTi ^ ^ ^ +00, 

a contradiction with ()4.9|1 . Hence ()4.8|1 is proved. 

Consider the function /(z2) := 2:2-^(^2), where g{z2) := gf,^{z-{z2-F^,^{z2))) , 
Z2 G C"^. By the definition of the function g^^^, we see that ~g : C^. By 

()4.8|) . the — ^ satisfies the condition ()4.1|) . Applying Lemma 4.1 to the function 
f{z2), we obtain that ()4.7|) has a unique solution Z2 G C"^ for every fixed z G C"*", 
thus proving the lemma. □ 

Proof of Theorem 2.1. Consider the function ^(2, 2:2) := F^2{z2) — F^-^^(^z— {z2 — 
F^r^i^^))) ^s a function of the two complex variables z and Z2. It is analytic on 
C"*" X C"*". By Lemma 4.2, for every fixed z = z^ E equation ()4.7|) has an unique 
solution z^ G C+. Hence F(z°, z^) = 0. We shall verify that F{z°, Z2) ^ for Z2 G 
C^. Assume that F(2;°, ^2) = holds in Z2 G C^. Since \m.F^.^{iy)/y 1 and 
Im {z — {iy — F^^ {iy)))/y — > as |/ — > +00, by arguments as in Lemma 4.2, we 
arrive at a contradiction. Therefore the function F{z., Z2) satisfies the assumption 
()3.10|) of Theorem 3.7 (Weierstrass' preparation theorem) at the point {z^,Z2). 
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Moreover, by this theorem, the function F{z, Z2) admits the representation (jH.llll 
in a neighborhood I2; — < r', \z2 — < p' with some positive integer k. Let 
us show that there exists < r" ^ r' such that the equation F[z, Z2) = has 
a unique root Z2 va. \z2 — Z2\ < p' for any given z with I2; — < r" . Since 
Z2) = 0, (ITTTIl imphes that 

P{z, Z2) := Ao{z) + Ai{z)z2 + ■■■ + Ak.iiz)zt^ + 4 = 

for z, Z2 from the above neighborhood. Here the functions ^0(2;), . . . , Ak-i{z) are 
analytic in the domain l^r — z^l < r". For every z with I2; — < r" and a suffi- 
ciently small r" = r"{z^) G (0,r'), this equation has k roots Z2^i{z), . . . Z2^k{z) in 
\z2 — Z2\ < p', some of which may be multiple roots. By Lemma 4.2, Z2^i{z) = 

■■■ = Z2^k{z) for all \z — z^\ < r" and hence P{z,Z2) = [z2 — Z2,i{z))'' = 0, 
\z — < r". We conclude that, for \z — z^\ < r", the solution of equation ()4.7|1 
has the form Z2 = Z2,i{z), where Z2,i{z) = —Ak^i{z)/k is an analytic function. 

Thus, we have proved that for every given point z^ G C"*" there exists a neighbor- 
hood |z — < r"(z°) such that ()4.7|) has an unique regular solution Z2 = Z2{z\ 2°) 
with values in C"*". Note that for points z' G C"*" and z" G C"*", z' 7^ z'\ we have 
Z2{z;z') = Z2{z]z") for all z in {\z - z'\ < r"{z')} H {\z - z"\ < r"{z")}. By 
the monodromy theorem (see [12], v. 3, p. 269, [20] , P- 217), there exists a regu- 
lar function Z2{z), z G C"*", such that, for every point z^ G C"*", Z2{z) = Z2{z; z^) 
for I2; — ^"1 < r"{z^). Therefore Z2{z) G TV and it is an unique solution of ()4.7|1 . 

It is easy to see from ()4.7j) that Z2{z) is in the class JF. Indeed, we note 
that the function ^^2(^2(2)) - ^2(2) G TV and, by ([S31), ^^2(^2 (2)) - ^2(2) = 
{b + o{l))z, where 6 ^ is some constant, for z & such that iRe^l/Imz 
stays bounded as \z\ tends to infinity. Hence the function z + F^^i^^i^)) — 
Z2{z) G TV and \z + F^^{Z2[z)) — Z2{z)\ — > 00 for the same z. In addition 
I Re{z + F^^{Z2{z)) — Z2{z))\/ ha{z + F^^{Z2{z)) — Z2{z)) remains bounded as \z\ 
tends to infinity. Therefore, by ()3.4j) . 

F,,{z + F,,{Z2{z)) - Z2{z)) = {z + F,,{Z2{z)) - Z2{z){l + 0(1)) 

for the considered z. Using this relation, we conclude from ()4.7|) and ()3.4|) that 

Z2{z) = (1 + o{l))z + o{l){F,,{Z2{z)) - Z2{Z)) = (1 + o{l))z 

for the same z. Thus Z2 G T. The desired result is proved. 

Choosing Zi{z) := z — Z2{z) + F^^{Z2{z)), 2 G C"*", we see that Zi and Z2 are 
unique solutions of (j4.fi |1 in the class T. Hence Theorem 2.1 is proved. □ 

Proof of Corollary 2.2. For simplicity we shall prove this corollary in the case 
n = 3. The general case follows by induction. 

Denote /i2,3 := P2 H /^s- We have, by associativity, /ii ffl /i2 ffl /is = /ii ffl /i2,3- 
By Theorem 2.1, there exist unique functions Wi and M/2,3 in the class such 
that, for 2 G C"*", 

(4.10) z = W^{z) + W2M-F,,{W^{z)) and F,,{W^{z)) = F^,,{W2M)- 
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On the other hand, again by Theorem 2.1, there exist unique functions W2 G 
and W3 G such that, for z E C~^, 

z = W2{z) + Ws{z)-F,,{W2{z)) and F.^iW^iz)) = F,,{Ws{z)). 

Hence, replacing z by W^2,3(^) in the last equation we get, for all z G C"*", 

(4.11) W2,3{Z) = W2{W2M) + Ws{W2,3{z)) - F^, ( ( ^^2,3 (^) ) ) 

and 

(4.12) F,,{W2{W2,3i^))) = F,,iW,{W2,s{m- 

Comparing ()4.1U|) and ()4.1ip . ()4.12|) . we obtain the assertion of Corollary 2.2 with 
Z,{z) = W,{z), Z2{z) = W2{W2,3{z)) and Z^iz) = W3{W2,3{z)). □ 

Corollary 2.3 is an obvious consequence of Corollary 2.2. Note that the con- 
tinuous semigroup version of Corollary 2.3 with t^l replacing n is proved using 
Lemma 4.1 and Lemma 4.2, and repeating the arguments of Theorem 2.1. 

5. Multiplicative free convolution 

1. Consider the case of multiplicative convolution for p- measures of class M.j^. 
In order to prove Theorem 2.4 we need the following two auxiliary results. 
Let /Ui,/i2 G and w G C"*". Introduce the functions 

/i(2) = w , hK^) = — Ti—\ — ' Mz) = -ry^, z G C^. 

Z Jl[Z) J2[Z) 

Lemma 5.1. The function /s : C C takes the value w G C"*" precisely once. 
Moreover, takes this value in := {z E C : argw ^ arg^ < tt}. 

Proof. We shall fix G C"*". Let a G (0,argti?). Denote by 72 = 72(0) 
(see Figure 2) the closed rectifiable curve consisting of the line segment 72,1 : 
te*", 1/R ^ t ^ R, connecting e*"/-R to Re^", the arc 72,2 : a < argz < vr on 
the circle \z\ = R connecting i?e*" to —R, the line segment 72,3 : —R ^ t ^ —1/ R 
connecting —R to —1/R, and the arc 72,4 : a < argz < vr on the circle \z\ = 1/R 
connecting —1/R to e*°/i?. Here the parameter R> and will be chosen later 
sufficiently large. Let z run through 72 in the counter clockwise direction. 

Since the function R^^ is in the Krein class /C, we note that aigw ^ arg/i(2;) < 
vr for all 2 G C with argw ^ arg2 ^ vr. Let 2; G C such that argw < arg2 < 
vr + arg w. Since R^-^ (z) = R^^ (z) and ^ arg(i?^^ {z)/z) < vr — arg z for z G C"*", 
we conclude that Im/i(2;) > on the angular domain {z G C : argu; < arg 2; < 
vr + aigw}. Therefore the function f2{ze^^^^'^) is in the class M . 

On the other hand we see that aigw ^ arg/i(2;) < vr + argu; for all z G C"*". 
Since R^^i.^) = Rfi2{z) and ^ aig^R^^^z) / z) < vr — argz for z G C^, we deduce 
that e''''^'"f2{z) is in the class A/". 

Using representation ()3.3|) for functions / G A/", we note that if |/(re*")|/r 
as r — > 00 for any fixed a G (0,7r), then \f{z)\/r — s> as r — s> 00 uniformly in 
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Figure 2. 

the angle S ^ argz ^ n — S with any fixed 6 G (0, vr). From this and from the re- 
lations f2{ze^^^^'^) E M and e^^^^'^f2{z) E M we easily obtain that the estimate 



2672,2 R 



(5.1) max 
follows from the estimate 
(5.2) 



1/2(^)1 



\f2{-R)\ 
R 



0, i? — > oo, 



0, R^oo. 



Let us prove ()5.2j) . At first step we shall consider the behavior of the func- 
tion fi{—R) for R ^ 1. The functions Rfj_. E K., j = 1,2, admit (see ()2.8|) ) 
the representation 

rj{du) 



(5.3) 



R^^iz) = ttiZ + z 



u — z 



:= ttjZ + zgj{—z), zEC^, 



(0,oo) 



where a,- ^ and the nonnegative measures r,- satisfy condition ()2.9|) . Hence we 



have 



/i(-i?) = w; ai + 



Ti{du) 
u + R 



w{ai + gi{R)). 



(0,«3) 



Note that gi{R) — > as i? — > oo and, if ri ^ 0, then 
(5.4) 



^ ri((0,/g)) ^ c 
^^^^^ ^ ^ ^ 



for sufficiently large R ^ 1. Here and in the sequel we shall denote by c positive 
constants which do not depend on R. In view of ()5.3|1 . we obtain the formula 

T2{du) 



(5.5) f2{-R) = a2 



(0,oo) 



u - w{ai + fi'i(i?)) 



0-2 + g2{-w{ai + fi'i(-R))). 
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If in fl5.5|) fli > 0, then, it is easy to see, that |/2(— -R)| ^ c and we arrive at ()5.2j) . 
Let ai = 0. In this case we need an upper bound for the function \g2{—wgi{R))\ 
for large 1. 

Since ai = 0, we conclude ri ^ and write, using ()5.4j) . 

gi{R) Imw 



(5.6) lmg2{-wgi{R)) 



(0,oo) 

T^m-giiR) loggiiR))) 



u - gi{R) Rew)^ + {gi{R) Imw^ 

T2{du 



T2{du) 



^ c 



gi{R) Imw 
T2m-giiR) loggiiR))) 



+ cgi{R) 



-gi{R) loggi(_R),oo) 
1 



9i{R) 

as i? — s> oo. In addition we have 



(5.7) \Reg2{-wg,{R))\ = 

(0,oo) 

^jT2m2\w\g^{R))) 



g,iR){\ogg,{R)y. 
{u — gi{R) Rew) 



9i{R) 



o{R) 



A gi{R) 



{u - gi{R) Rew)2 + {gi{R) ImwY 

T2{du) 
u 



T2{du] 



+ 



+ 

[2\w\g^(R)-gi{R) \ogg^(R)) 
T2{du)\ ( 1 



U 



9i{R) 



o{R), R ^ oo. 



l-giiR) log3i(fl),oo) 

The estimate ()5.2|) and, hence 1)5.11) . follows immediately from ()5.6p and ()5.7|) . 
Now we shall prove that 



(5.^ 



i? max |/2(-2)| — oo, R-^oo. 

^672, 4 



We shall write fi{z) in the form 

(5.9) fi{z)=wiReiR^,{z)/z)+tlm{R^,{z)/z)) 

{u — Re z) 
{u — RezY + (Im2;)2 



ai + 



ri((iu) 



(0,oo) 



+ i 



Im2; 



(0,cx>) 



(u — RezY + (Im^;)^ 



ri((iM) ). 



Let \z\ = 1/R and ri\ Rez\ ^ Im^:, where rj := min{tanQ;, 1/10}. For these z, 
using ()5.9|) . we obtain for sufficiently large R^ 1 the inequality 



(5.10) 



Re 



, ri((0,2Imz/r/)) , ^ 

^ Ctl H ;^ h ^ 

Im z 



Ti ((iw) 



o{R). 



[2 Im 2/r;,oo) 
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On the other hand the following lower bound holds 

1 f ri{dti) ri((0,2Im^/r/)) 



(5.11) 



Re^ 



> ai + 



2 J u lm.z 

[2 Im z/»y,oo) 



In addition, using (j5.9|l . we deduce, for the same z, 

(5.12) ^^^(^)^ini:5^^4gi(^) 

10 z 

where 



(5.13) q,{z) := ' ^^^^^ ^^^^ '1^ ^ + , / ^ = o(i2). 



ri((0 ,2Imz/r/)) ^ /" T^n) 

Im 2; J V? 

[2 Im 2:/»7,oo) 

Comparing ()5.11|) and the left-hand side of inequahty ()5.12p . we conclude that 
\R^-^{z) / z\ ^ c for some positive constant c and the z considered above. From 
()5.in|) and the right-hand side of inequality ()5.12|1 we see that |/i(2;)| = o{R) for 
those z. Moreover by ()5.H|1 and by the definition of fi{z), it follows that argw ^ 
arg/i(2) ^ vr-l-argw for z G C"*". Hence, we get, for \z\ = l/R,ri\Rez\ ^ Im^;, 

(5.14) c ^ 1/1(2)1 = o{R) and argw ^ arg/i(2;) ^ vr + argw, 

with some positive constant c. 

Let \z\ = 1/R and Re 2; ^ 0, —77 Re 2; > Im 2. Repeating the previous arguments 
we obtain estimate ()5.14p for such 2. Thus, fj5.14p holds for all 2 e 72,4. 

Using ()5.3p . it is not difficult to conclude that \R^2i^)\ ^ c{6i,62)/\z\ for \z\ ^ 
Si and 62 ^ arg 2 ^ 27r — ^2, where 61 > 0, 62 E (0, vr) are constants and c{6i, 62) 
is a positive constant depending on 61 and 62- Using this estimate, we arrive at 
the lower bound 

RMi^)) . c N{R) 
/i(2) 1/1(2)1 R 

where N{R) — * 00 as i? — 00. Relation ()5.8|) follows from this bound. 

Now we let z run through 72 in the counter clockwise direction. 

We see from the arguments of the beginning of the proof of the lemma that 
a — aigw < arg/2(^) < vr — argw for 2; G C such that a ^ argz < vr. If 2 traverses 
72,1, the image ( = fs^z) lies in the angular region axgw + a — n < arg^ < argw 
in the C-plane. 

If 2 traverses 72,2, by ()5.H) . the image ( = fsiz) lies in the domain \(\ > 
Ni{R), axgw + a — TT ^ argC ^ tt, where Ni{R) — > 00 as i? — > cxo. 

If z traverses 72,3, the image ( = f3{z) lies in the angular domain aigw < 
argC ^ TT. 

Finally, by ()5.8p . when 2 moves in 72^4, the image ( = fsiz) lies in the disk 
Id < l/iV2(^), where N2{R) ^ 00 as i? ^ 00. 

In view of these results about the image ( = f^iz), we see that the winding 
number of fsi^z) around w, when 2 traverses 72 in the counter clockwise direction. 
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is equal to one. Hence, by the argument principle, the function fsiz) takes 
the value w precisely once inside 72. Since this assertion holds for all sufficiently 
large R> 1 and all < a < argw, fsiz) takes the value w precisely once in C"*". 
In addition, it takes this value in the domain aigw ^ arg^; < vr. This proves 
the lemma. □ 

Lemma 5.2. For every z G there exist unique points Zi G and Z2 G 
such that Ziz~^ G U (0, 00) and Z2Z^^ G U (0, 00), and 

(5.15) Z1Z2 = zR^^{zi) and Z1Z2 = zR^^{z2). 

Proof. Fix 2; G C^. In view of the second relation of (j5.15j) . we have Zi = 
zR^^^i^^)/ Z2- Since R^2{z2) belongs to the class /C, we obtain zi G and ziz"^ G 
C"*" U (0, 00) provided that Z2 G C"*" and Z2Z~^ ^ U (0, 00). It remains to solve 
the functional equation 

(5.16) Rf,^{z2) = R^,^{zR^^{z2)/z2). 
Rewrite it in the form z = Z2/ R{z2\ z), where 

(5.17) R{z2;z) := R^,{zR^^{z2)/z2)/{zR^^{z2)/z2) =R^^{zi)/zi. 

We see that, for fixed z G C"^, the function fz{z2) := Z2/R{z2]z) has the same 
type as the function /s in Lemma 5.1. Applying Lemma 5.1 to the function /s, 
we obtain the assertion of the lemma. □ 

We need as well the following auxiliary lemma which is an analogue of Lemma 4.1. 
Denote S^, := {z ^ £, : < Im^; < vr}. 

Lemma 5.3. Assume that /4 has the representation 

(5.18) fAz):=-aiZ^ h / aidu), 0<argz<27r, 

z J z — u 

(0,cx>) 

where aj ^ 0, j = 1, 2, and a is a finite nonnegative measure. Then the function 
f^i^z) := log2; + /4(z), /s : C"'' ^ C takes every value in St, precisely once. The in- 
verse function f^~^^ : Sjr ^ thus defined has the property that f^~^\\og z) 
belongs to the class fC. 

Proof. We shall prove that for every G Syr there exists an unique z E such 
that 

(5.19) nj = f,{z) = \ogz + f^{z). 

Recall that we take the principle branch of the logarithm only. Let a G (0, Imu;) 
and let 72 be the curve defined in the proof of Lemma 5.1. 

Let z traverse 72,3. The image C, = f^iz) lies on the line Im C = vr. Furthermore, 
wehavelog(-i?)+/4(-i?) = log i?+/4(-i?)+z7r with log i?+/4(-i?) ^ (logi?)/2, 
andlog(-l/i?) + /4(-l/i?) = - log i?+/4(-l/i?)+z7r with -log i?+/4(-l/i?) ^ 
-(logi?)/2. 
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Let z move in 72,4. Since 

r{du) ^ a((0, oo))\z\d{z), z e C+, 



u\z\ 



\z — u\ 



(0,00) 

where d{z) := 1 for Rez ^ and d{z) := l^l/Iniz, for Re^; > 0, we easily 
conclude, for z G 72,4, Rez ^ 0, 

Re (^fiiz) + ~ ~) ^ R^ 
with some positive constant c, and, for z G 72,4, Rez > 0, 

/ N 02 \ / f uaidu) f aidu) ^, , ^\ a 

a.g(AW+.,.-^)=arg(-y ^ + j ^+0(l/fl)) < 2.--. 

(0,oo) (0,oo) 

Hence the image C, = f^iz) either lies in the domain {(^GC:a<Im(^<7r, \C^ \ ^ 
c{a) logi?}, where c{a) is a positive constant, or in the half-plane {C G C : Im^ ^ 
a}. 

Let z traverse 72,1. Note that the image C = h{.z) lies in the half-plane Im^ ^ 

a. 

Let finally z traverse 72,2- Since Im/4(z) ^ 0, we see that the image C = fb{.z) 
lies in the half-plane G C : Im ^ ^ a} or in the domain {(^ G C : a < Im C < vr}. 

Assume that C, = f^{z) lies in G C : a < Im^ < tt}. In this case we easily 
see that — Im/4(2;) ^ vr — a and we obtain the inequality 

Im z f \ ~\~ Zi^ 

(5.20) — Im/4(2:) = — ai Imz: + 02 I ,„ -|-Im2: / 1 — cridu) ^ n — a, 

\z\ J \z — uY 

(0,00) 

On the other hand note that, for z G 72,2, 



(5.21) Re/4(z) = -aiRez+ / ^ -aidu) + 0(1), R^oo. 

J \z — u\^ 

{0,00) 

Since, for z G 72,2, \fi{z) + ciiz — a2/z\ = o{R), we deduce from (15.211] in 
the case ai 7^ the bound | Re/4(z)| ^ cR. This means that ( = fz{z) lies in 
the domain {C G C : a < Im^ < vr, |C| > | log/?}. If Oi = 0, then we have from 
^^rm and (it^ 

/uR? Re z 
. 7^ aidu) - (1 + signiRez))- (vr - a) + 0(1) 
\z — Im z 

(0,00) 

„r, f uaidu) ^, , „ 
^R^ / , ^ I, +0 1, R^oo. 
J \z — up 

(0,cx>) 

We conclude again that ^ = f^{z) lies in the domain G C : a < Im^ < tt, |C| > 
|logi?}. 
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Hence the image ( = fh{z) for z G 72,2 lies in the half-plane {C G C : Im(^ ^ a} 
or in the domain G C : a < Im(^ < tt, |C| > |log-R}. 

Therefore we conclude that the image C = h{^) winds around w once when 
z runs through 72. By the argument principle, there is an unique point z inside 
72 such that holds. This relation is valid for all sufficiently large R > 1 

and sufficiently small a > 0. Thus for every fixed G Sjr there is an unique 
point 2; G C"*" such that holds. This implies that the inverse function 

q = /s"^^ : Stt — > C"*" exists and is analytic on S^. 

Let us show that q{z) admits an analytic continuation on the half-line 7_ : 
Im^; = 71, lie z < 0, and that its value on this half-line is negative. It is easy 
to see that 

X x'^ J [x — uy 

(0,00) 

Since f^{z) is analytic on {—00, 0), we conclude that /s"^'' exists and is analytic on 
7_ as well. Since, as shown above, for every fixed w G there is an unique point 
2 G C"^ such that ()5.19|) holds, this function coincides for z G C"*" with the function 
q{z) obtained early. Introduce the function f^i^z) := g(log2;), z G C"*". Note that 
/e G A/" and fQ~^\z) = 2;exp{/4(2;)}, on the domain C"^, where /g~^'* exists. 
Moreover, the function feiz) admits an analytic continuation on (— oo,0). 

From the definition of fei^z) it follows that fei^x) < for x < and /^{x) — > 
as X t 0. By Corollary 3.3, /e belongs to the class K, and we obtain the assertion 
of the lemma. □ 



Proof of Theorem 2.4. Consider the function 

F{z,Z2) := R^,^{z2) - Rf,^{zR^^{z2) / Z2) 

which, by (2.8), is analytic on x C^. By Lemma 5.2, for every fixed z = z^ & C'^ 
the equation (5.16) has an unique solution Z2 = Z2 E {z2 G C : arg^° ^ arg2;2 < 
tt}. Let us show that the function F{z,Z2) satifies ()3.10p at the point {z^,Z2). 
Note that if R^^{z2) = R^^{z^ R^^{z2) / Z2) holds for Z2 G C"^ such that I22 — -^2! < 
with r' > 0, then this equality holds for all Z2 G C'^. By (5.2), the function 
i?(— r; 2;") introduced in ()5.17j) has the property R{—r;z^)/r ^ as r ^ 00. 
Since the relation z^ = —r/R{—r; z^) holds for r > 0, we arrive at a contradiction. 
Hence the point (z^,^;^) satisfies the assumptions ()3.1()j) of Theorem 3.7. Now 
repeating almost word for word the arguments of the proof of Theorem 2.1, using 
Lemma 5.2 instead of Lemma 4.2, and Theorem 13. H Corollary 13.31 we obtain 
the assertion of the theorem. □ 

We prove Corollaries 2.5 and 2.6 in the same way as Corollaries 2.2 and 2.3. 
The relation ()2.12j) with n = t G [1, 00) follows from Lemmas 5.2 and 5.3, repeat- 
ing the arguments used in the proof of Theorem 2.1. 
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2. Consider the case of multiplicative convolution for p- measures of the class 
M.^. In order to prove Theorem 1.7 we need some auxiliary results. 

Lemma 5.4. Let Q E S and (5(0) ^ 0. Then the function : D \ {0} ^ C \ z ^ 

Q{z)/ z takes every value m C \ D precisely once. 

Proof. Without loss of generality we assume that Q(0) > 0. Let w G C \ D 
and let r G (0, 1). We assume that 1 — r is sufficiently small. It is easy to see 
that there exist 6 = 9{w,r) G [0, 27r) and 9 ^ aigw such that Q{z)/z ^ w for 
z = pe*^, 1 — r ^ p ^ r. Let 73 = •^3(10, 6) (see Figure 3) be the closed rectifiable 
curve consisting of the two circles 73^2 : l^;] = 1 — r and 73,4 : \z\ = r, and 
the segments 73,1,73,3 which coincide with the segment 7 : te*^, 1 — r ^ t ^ r, 
traversed twice in opposite directions. 




73,4 



Figure 3. 



We note that the number of loops around w by the map z ^ Q{z)/z as 
z traverses the curve 73 once in the counter clockwise direction is equal to 1. 
Indeed, if z traverses 73,1 the number of windings around w is equal to some 
number a. If z traverses 73,4 the number of windings around w is equal to 0. 
Finally, moving along 73^3, the number of windings around w is equal to —a. 
Hence traversing 73^1, 73^4 and 73,3 in the counter clockwise direction the number 
of windings around w is equal to 0. Traversing 73^2, we wind around w once. 
Hence, by the argument principle, the function Q{z)/z takes the value w in 
the domain {z : 1 — r < \z\ < r} precisely once. Since this assertion holds for all 
< r < 1, Q{z)/ z takes every value w G C \ D in D precisely once. □ 

Let pi and p2 belong to the class M.^. Denote aj := fj^^j{d^), j = 1,2. 
Recall that Q^^{0) = 0, aj 7^ 0, j = 1, 2. 
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Lemma 5.5. For every 2; G D \ {0}, there exist unique points Zi and 2:2 G D 
such that (^1,^2) 7^ (0,0) and 

(5.22) z, = z^^ and z, = z'^^. 

Zl Z2 

Proof. Fix 2; G D \ {0}. Assume for definiteness |a2| ^ |ai|. It follows from 
Proposition 3.5 that Q^^{a2z) 7^ for every 2 G D. 

By Schwarz's lemma, |Q^2(-^2)/-22| ^ 1, 2:2 G D. The second relation of ()5.22|1 
implies that if Z2 G D, then 2:1 G D as well. Hence, by the first relation of ()5.22|1 . 
we need to solve the functional equation 

(5.23) Q^, {Z2) = Q^, [zQ^, {Z2)/Z2) , ^2 G D. 
Rewrite this relation in the form Z2/Z = Q{z2), where 

Qiz2) = Q,,i{zQf,2{z2)/z2)/{zQf,2{z2)/z2)- 

The function Q satisfies Q{0) = Q^^{a2z)/{a2z) ^ and Q E S. By Lemma 5.4, 
we obtain the assertion of the lemma for all z G D \ {0}. □ 

We need as well the following auxiliary lemma which is an analogue of Lemma 4.1 
for the semigroup (A^*, Kl). 

Lemma 5.6. Define 

(5.24) Qi{z) := j |^a(rfu), z G D, 

T 

where a is finite nonnegative measure. Then the function Q2 : ^ ^ C, Q2{z) '■= 
2;exp{Qi(2;)}, takes every value in D precisely once. The inverse (^2 : D ^ D 
thus defined is in the class 5* . 

Proof. Let w E D. Introduce the curve 74 : \z\ = r, where r G (0, 1) and 
1 — r is sufficiently small. Note that Im(5i(0) = 0. Then, by the minimum and 
maximum principles for harmonic functions, for every r G (0, 1) there exist points 
e' and 6" G [0, 27r) such that ImQi(re*^') < and lmQi{re'^") > 0. Since for 
every r G (0, 1) 6' 1— > lmQi{re^^) is analytic on the segment [0, 27r], there are only 
a finite number of points {re'^^'}f^i with ^ ^1 < 6'2 < ■ ■ ■ < ^fc < 27r, such that 
Im(5i(re*^') = 0, / = 1, 2, . . . , /c. Consider the arcs 74^/ : 9i < aigz ^ 6'/+i, 1^1 = r, 
/ = 1, . . . ,k, with 6k+i = 6*1 + 27T. 

Let z run transverse 74 ^ in the counter clockwise direction. Since | exp{(5i(-2)}| ^ 
1, we note that the change in Arg{Q2{z) — w) is equals to 

(arg(re'^'+i - w) - arg(re*^' - w))/(27r). 

Hence the image ( = Q2{z) winds around w once when z transverses 74 once in 
the counter clockwise direction. By the argument principle, the function Q2 '■ ~^ 
C takes the value w G D in D precisely once. The inverse function : D ^ D 

thus defined is analytic on D and obviously belongs to the class 5*. The lemma 
is proved. □ 
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Figure 4. 



Proof of Theorem 2.7. We assume for definiteness that \a2\ ^ |ai|. Consider 
the function F{z,Z2) := Q^2{^2) — Qfii{zQ^2i^2)/ Z2) which is analytic on D x 
D. For a fixed 2; = 2° G D equation ()5.23|) has, by Lemma 5.5, an unique 
solution Z2 = Z2 & D. Moreover, if F{z^, Z2) = for Z2 in some neighborhood 
of the point Z2, then F{z^, Z2) = for all Z2 & This relation is equivalent 
to Z2/z^ = Q{z2), Z2 G D, where Q G iS. Choosing here \z2\ > \z^\ we arrive at 
a contradiction. Hence the function F{z, Z2) satisfies the assumptions ()3.1fl|l of 
Theorem 3.7 at the point [z^, Zg). Repeating almost word for word the arguments 
of the proof of Theorem 2.1, using Lemma 5.5 instead of Lemma 4.2, we obtain 
that there exists a neighborhood I2; — 2;"! < r{z^) such that the equation F{z, Z2) = 
has an unique regular solution Z2 = Z2{z] z^) with values in D. Choosing 
:= zQ^^{z2{z] z'^))/ Z2{z] z^), there are two regular functions Zi{z]Z^) 
and 2^2(2;; z^) with values in D which satisfy the equations 

2;i(2;;2;°)2;2(2;;2;°) = zQ ^,^{zi{z; z^)) and 2:1(2;; 2;°)2;2(2;; 2;°) = 2;(5^2 (2:2(2;; 2;°)). 

By Lemma 5.5, for the points z' G D and z" G D, 7^ z", we obtain the identities 
2:1(2;; z') = zi{z] z"), Z2{z; z') = 2:2(2;; z") for z of the domain {\z — z'\ < r{z')} fl 
{I2; — 2;"| < r{z")}. By the monodromy theorem, there exist regular functions 
Zi(2;) and ^'2(2:), z G D, such that, for every point z° G D, Zj{z) = Zj{z;z^), j = 
1,2, for \z — z^\ < r{z^). These functions belong to the class S and are unique 
solutions of equations ()2.14|) for fij, j = 1,2. Moreover, it is easy to see that 
Zi, Z2 G S^. This proves the theorem. □ 

We prove Corollaries 2.8 and 2.9 in the same way as Corollaries 2.2 and 2.3. 
The relation ()2.16|) with = t G [1, 00) we obtain from Lemmas 5.5, and 5.6 , 
repeating the arguments which we employed in the proof of Theorem 2.1. 
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6. Basic arithmetic and Khintchine's limit theorems for 

THE SEMIGROUPS (M, o) 

In this section we shall show that the main theorems for Delphic semigroups 
which are formulated in Section 3 hold for the semigroups (M, o). This proves 
Therems 2.11, and 2.12. We prove Khintchine's limit theorem for triangular 
arrays (Theorem 2.10) as well. At the end of this section we give a new proof 
for the integral representations of the Voiculescu transforms of i.d. elements of 
the semigroups (M, o). 

Introduce sets M''' of measures of M in the following way. 

Consider the semigroup (A^,ffl). Let Ta^p denote the closure of Ta,^. Denote 
by Ai^"'^^ the set of those jj E M. such that F'^(z) ^ when 2; G fi^, where 
^11 C C"*" is a domain, which D Ta,p- The function Ffj_{z) has an inverse 

Flr^\z) defined on r„,^ such that lmipi,{z) ^ 0. We denote := A^("'^), 
where 7 := (a,/?) E Q .= {{a,P) : a > 0, > 0}, a subset of the semigroup 

Consider (A^ + ,KI) and let ^a,i3,A denote the closure of T^^^. Denote by 
^ g^i^gg^ Qf ^j^g gg^ Qf those fi G Ai+ such that R'^{z) 7^ for 2; G fi^, 
where fi^ C C \ [0, +00) is a domain, with R^{VL^) D T^^^^. The function 
Ruiz) has an inverse Rlr^\z) defined on r„^^^^ such that argS^(2;) ^ for 
z G Tc^l/j^A ^ 'C"'" and argE^(2;) ^ for z G fl C~. As above we write M''' : = 

M^^^'^^^ where 7 := A) e G := A) : a G (0, tt), < /3 < A < 00}, 

for a subset of the semigroup (A^+, Kl). 

Consider {^A^,^) and let Dq denote the closure of Da '■= {z E C : \z\ < a}. 
Denote by A^" the set of those /i G A4* such that Q'^j^^z) 7^ as 2 G fi^, where 
C D is a domain, with Qfj_{Q^) D D^- The function Q^{z) has an inverse 

Q\j, ^\z) defined on Dq, such that ^ 1. Introduce M"^ := Ail, where 

7 := a G ^ := {a : < a < 1}, for a subset of the semigroup Kl). 

Proposition 6.1. For every fixed 7 G ^, M'^ is a semigroup with respect to 
the operation o. 

Proof. At first we shall prove the assertion of the proposition for Ai^°''^\ 
Let /ii,/i2 G It is sufficient to show that = /ii ffl /i2 G M^''^'^\ By 

Theorem 2.1, there exist functions Zi, G such that 
(6.1) 

F^{z) = F^,{Zi{z)) = F^,{Z2{z)) and z = Zi{z)+Z2{z)-F^,{Z2{z)), ^ G C+ 
By the definition of AA^°''^\ there exist domains VL^_. ,j = 1,2, such that F'^, (z) 7^ 
as z G fi^^ and F^^. (^2^^.) D Ta^p- Consider the intersection of inverse images with 
respect to Zj,j = 1,2, := z[ ^■'(f2^J fl Z2 Relations (jfi.lj) imply 

Ki^) = Fl^{Z,{z))Z[{z) = F'jZ,{z))Z',{z), 1 = Z[iz) + Z',{z)il-F'jZ,{z))) 
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as z G C+. Hence ^^(2;) 7^ for 2; G fl^. In addition note that = 
n ^^2(^2^2) D Ta^is, thus proving the assertion. 
Consider A^^''^''^\ Let /ii,/U2 G TVI^'^'^''. Let us show that /i = /ii Kl /i2 G 
gy xheorem 1.4, there exist functions Zi, Z2 G /C such that 

(6.2) 

R^iz) = R^,iZ,iz)) = R^.iZ^iz)) and Zi(^)Z2(^) = ^i?^2(^2(^)), ^ G C+. 

By the definition of TVI*^"''^'^^ there exist domains ^l^. ,j = 1,2, such that R'^^ (z) 7^ 

as 2 G fi^^. and D T^^^^a- Denote fi^ := z[~^\n^^) f] ^^""^^(^^2)- Re- 

lations ()6.2|) imply 

= = R',,{Z,{z))Z',{z), 

Z[{z)Z^{z) + Z^(^)(l - zR!^^{Z^{z))) = R,AZ2{z)) 

as 2; G C+. Hence R'^{z) 7^ as z G ^2^. In addition note that = 

i?^j(r2^J n R^j_^{VL^^) D ra,/3,A5 thus proving the assertion for M.^^'^'^\ 

Repeating the previous arguments, using Theorem 1.7 instead of Theorem 1.4, 
we obtain the assertion of the proposition for as well which completes 
the proof of Proposition 6.1. □ 

Note that every measure yU G M belongs to some set M'*'. Introduce M° : = 

Proposition 6.2. Let /i G M°. 

1) If ^ E M., then has an inverse defined on C'^ and 

(6.3) F^-^) (z) = a + z- J a{du) , zeC+, 

where a is a real constant and a is a finite nonnegative measure. In addition 
/i G I{^A), i-c, is infinitely divisible. 

2) // /i G + , then R^ has an inverse i?^ defined on C \ IR+ and 



(6.4) 



R^-^^z) = zexp^^a-bz - J i-^^(T(dn)|, 2 G C \ Rh 



where a and b ^ are real numbers and a is a finite nonnegative measure. 
Moreover fi G I{Ai+). 

3) If fJ' E M.*, then has an inverse Q\x ^'^ defined on D and 

(6.5) g^T^n^) = ^exp|za + y"|^a(rfO}, z eD, 

1 

where a is a real number and a is a finite nonnegative measure. In addition 
11 G I{M^). 
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Note that the assertion /i e in parts l)-3) follows from results of Bercovici 

and Voiculescu jS], We shall give another proof based on properties of 

the function classes A/" and C. 

Proof. Let us prove ()6.3|) . We conclude from the definition of yU G M*^ that 
F'^{z) 7^ 0, 2 G C"*", and F^(C^) = C"*". Hence is defined and is analytic 

in some neighborhood of every point z E C^. By the monodromy theorem, 
^\z) is analytic on C"*". Recalling the property ImF^(z) ^ Imz, z G C"*", we 
see that Im fI}~^\z) ^ Imz for z G C^. Hence z — is a Nevanlinna 

function that is in J\f. Moreover, as it is easy to see, 1 — F^~^\iy) / (iy) — s> 
as ?/ — > +00. Therefore we obtain representation ()6.3p by the Nevanlinna 
integral representation (see Section 3, ()3.3|) ). By Lemma 4.1, every function 

that admits an integral representation ()6.3|) may be written as Flf^\z), z G C"*", 
where Ff^{z), z G C"*", is the reciprocal Cauchy transform of some measure /i G A^. 
Again by Lemma 4.1, the measure jj; G 

We shall prove ()fj.4j) . It is easy to see that R'^{z) ^ 0, z e C+, and _R^(C+) = 

C'^. Hence -R^~^^ is defined and is analytic in some neighborhood of every point 
z E C^. Moreover Rlr^\z) for z E C~^. By the monodromy theorem, 
R^i^^\z) is analytic on C"*" and, recalling the property arg_R^(2) ^ arg2, z E 
(see (12. 8|) ). we deduce that arg_R|i ^\z) ^ arg z for 2; G C+. By (I2.8|l . we note that 
Rfj.{z) is analytic on C \ [0, +00), R'^{z) > 0, z E (— oo,0), and R^{z) = R^{z), 
z E C'^. Therefore we conclude that r\j, ^\z) is analytic on C \ [0, +00) and 
argi?|i ^\z) ^ argz for z G C~. Since R\i ^\z) 7^ for z G C \ [0, +00), we see 
that \ogR^i7^\z) is analytic on C\ [0, +00) and Imlog(-R^~^''(2;)/2;) ^ for 2 G C"*" 
and Imlog(i?|i ^\z)/ z) ^ for z G C~. (Recall that we take the principal branch 
of the logarithm). Hence, by the integral representation of Nevanlinna functions 
()3.3j) . we obtain 

\og{R'^~^\z)/z) = a-bz- [^^^^a{du), z E C+, 

J ^ ^ 

R 

where a G R, 6 ^ 0, and a is a finite nonnegative measure. Since i?^ ^\z)/z is an- 
alytic and real on the negative real axis, it follows via the inversion formula ()3.7|1 
that o"([R\ [R+) = 0. Thus ()(i.4|l is proved. By Lemma 5.3, every function that ad- 
mits an integral representation of type ()(j.4|l may be written as R^i ^\z), z E C"*", 
where R^{z), 2; G C"*", belongs to the class /C. Hence it follows that the measure 
fi E I{M+). 

Let us prove dHUI). Note that Q'^{z) ^ 0, z E D, Q^{0) = 0, and Q^(D) = 
D. Hence Q^j. is defined and is analytic in some neighborhood of every point 
z E £>. By the monodromy theorem, ^\z) is analytic on D, ^''(0) = 
0, and, using |(5/x(-2)| ^ 1, G D, we see that IQ^j ^\z)/z\ ^ 1 as z G D. 
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Hence \og{Qli ^\z)/z) is analytic on D and Relog((5AJ / z) ^ 0, ^ e D. Thus, 
the function log{Qli ^\z)/z) belongs to the Caratheodory class C and we obtain 
the representation By Lemma 5.6, every function that admits an integral 

representation ()fi.5j) may be written as Q^t 2; G D, where Q^(-s), 2; G D 

belongs to the class iS*. Hence we obtain that the measure fj, G 

The proposition is proved. □ 

Proposition 6.3. For any fixed the semigroup (M^, o) is hereditary in (M, o). 

Proof. Consider first the semigroup Let /i = /ii ffl /i2, where /i G 

_y\/j Then, by Theorem 2.1, there exist functions Zi{z) and Z2{z) of class 
JF such that = F^-^{Zi{z)) = F^^[Z2{z)) as 2; G C"*". Since the relation 

Fl{z) = F'^^{Zi{z))Z[{z) ^ holds for z G fi^, we conclude F;^(C) ^ for 
C G 1^/,! := In addition F^^{VL^^) D r„,^. Hence fii G A^^"''^). In 

the same way we may show that /i2 G tM*^"'^) as well thus proving the proposition 

for {M,m). 

Consider the semigroup (A^+,KI). Let = /ii IE fi2, where fi G A^^'^'^''. By 
Theorem 2.4, there exist functions Zi{z) and ^2(^) of class /C such that Rfj.{z) = 
R^,{Zi{zj) = R^,{Z2{z)) as ^ G C+. Since R'^{z) = R'^^{Zi{z))Z[{z) for z G 

fi^, we have -R|.^(C) 7^ for C G f^^^ := Zi{VL^,). In addition R^^{VL^^) D F^^^^^. 

Hence /ii G TW^'^'^''. Similarly we get /i2 G as well which concludes 

the proof for ffl). 

We shall finally consider the semigroup (A^*, Kl). Let /i = /ii Kl /i2, where G 
By Theorem 2.7, there exist functions Zi{z) and .^2(2) of class iS* such that 
g^(^) = Q,AZi{z)) = Q,AZ2{z)) as ^ G D. Since Q'^{z) = Q'^^{Z,{z))Z[{z) ^ 
for z G 1);,, we have Q^^(C) 7^ for ( G f^^^ := ZiiVt^). In addition Qf^^iVt^-^) D 
Dq. Hence /ii G Al". Similar as above we deduce /i2 G Al" thus proving 
Proposition 6.3. □ 

Define an equivalence relation £" on M via ^Eu ii fi = u o 5a, where Sa is 
Dirac measure with the support at the point a. Here a denotes a real number for 
(Al, ffl), is a positive number for (A1+, Kl) and a G T for (Al*, Kl). It is clear that 
E is an equivalence relation on the subsemigroup M"^ as well. We shall denote 
the equivalence class of /i G M as E^, and the element of NL/E by fi*,^* etc. 
Note that M/i? (and similarly Nl'^/E) is a semigroup under o multiplication of 
representatives. 

Define a homomorphism D'^ of M'''/£' to non-negative real numbers with ad- 
dition in the following way. 
For the semigroup (Al, ffl): 

D^{fi*) := -lmLp^{i{p + 1)), where = Efi and u e M^'^'^l 
For the semigroup (A1 + , Kl): 

D7(^*) := _ ImlogE^((/3 + A)e'("+")/V2), where = E/x and G Atf ''^''^^ 
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For the semigroup (TW*, KI): 

D^{^*) := RelogS^(a/2), where u = Efi and u e M'^. 

Note that D'^ is finite-valued and does not depend on the particular u. 

For /i*, z/* G M/E define a distance L*{fi*, u*) via 

z/*) = inf{L{fx, I/) : E/i = /z*, Ei/ = i/*}, 

where L(/i, z/) denotes the Levy metric. It is easy to check that L*(/i*,z^*) is 
a metric, and that {/xJi} converges to /i* G M/E' with respect to L* if and only if 
there is {i^n} with i/„ G M and /x* = -E't'n for each n, and z^ G M with //* = Eu, 
such that {z/„} converges to u with respect to L. 

Recall that M denoted the set of sequences of elements of M with weak limits 
in M, and / denotes the operation of taking the weak limit. We denote by M/E 
the set of sequences of elements of M/£' that admit limits with respect to L* and 
by / again the operation of taking the limit. 

Proposition 6.4. The operation o is continuous with respect to Levy's metric. 

This result is due to Bercovici and Voiculescu [3], |3]. For convenience of 
the reader we include a proof. 

Proof of Proposition 6.4 Let {/in} and {un} be in M. Let us prove that ffl 
z/.„} G M and ffl z/„} = /{/i„} ffl /{z/„}. 

At first consider the semigroup By Proposition EHH the sequences 

{ff^n} s-^d {(fun} converge uniformly on compact subsets of some Ta,/3 to the func- 
tions ipf^ and ipi^, and (p^„{iy) = o{y), fij„{iy) = o{y) uniformly in n as y ^ +oo. 
Since ^Pi,„m,.,Sz) = iPi,„iz) +Lp^^{z) and ^P/^muiz) = ip^{z) +Lp^{z) for z G Ta,f3, note 
that {(Pfj„^mu„} converges uniformly on compact subsets of some F^^^ to the func- 
tion (Pfj,mu- Furthemore, ^^^muAw) = o{y) uniformly in n as ?/ — > +oo. The as- 
sertion for {Ai, ffl) now follows immediately from Proposition 13.111 

Consider the semigroup Assume that the sequences {/in} and {z^„} 

converge in the weak topology to measures fi 6o and u ^ 6o, respectively. 
Since T,^^^^^ = S^^S,^^ on the set, where these functions are defined, we easily 
conclude from Proposition 13.121 that the sequence {/i„ Kl i>n} converges as well 
to a p-measure which is not the Dirac measure 6q. By Proposition 13.121 there 
exist numbers a G (0, vr) and < j3 < A such that the sequences {S^„} and 
{S,^^} converge uniformly on F^^^ to the functions and S,^, respectively. 
Hence, {E^^E,^^} converges uniformly on F^^^ to the function E^Ej, and, by 
Proposition 13. 12^ we conclude that {/i„ Kl z/„} converges weakly to fi M u 6o, 
which is the desired result. 

It remains to consider the semigroup By Proposition 13.131 the se- 

quences {E^^} and {E,^^} converge uniformly in some neighborhood of zero, say 
Dq, a G (0, 1], to the functions E^ and T,^, respectively. Since E^^^j,^ = E^^E^^ 
in Dq,, we conclude that {E^^g],^^} converge uniformly to E^E,^. Applying Propo- 
sition EUSl we arrive at the assertion of the proposition for {Ai^, Kl). □ 
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In the sequel we denote a(/i) := — Re(/9^(i(/? + 1)) for fi G Ai, a{fi) := 
+ A)e^(^+")/V2)| for /i G M+, and a(/i) := exp{-i arg S^(a/2)} for 

/i e TW*. 

Proposition 6.5. // {/z* } 25 an?/ element of M/E, and if, for each n G N, i/* is 
a factor of ji*^, then there is a subsequence {n'} of {n} such that {i'*,} G M/E 
andl{iy^,} is a factor o/Zj/i*}. 

Proof. Let {/i^} converges to /i* G M./E in the metric L*, and let z/* be a factor 
of /i* for each n. Then for each n there exist probability measures and Un, 
such that /i* = Efin and i^* = Eun, Un is a M-factor of and {/in} converges 
to /i in the metric L, where /i G M and /x* = E^. 

At first let us prove the assertion of the proposition for (tVI, ffl). By Proposi- 
tion EHH the sequence {v?^„} converges uniformly on compact subsets of some 
set Va^p to the function tp^, and ip^^^iiy) = o{y) uniformly in n as y — +oo. 
Since, for /i G AA'^°''^\ —Im 79^(2;) ^ 0, z G T^^^, we have — Im(y9j,„(z) ^ 
— Im(y9^^(2;), 2; G r^^^. By Theorem 13.81 there exists a subsequence {n'} of 
{n} such that — Imy?,^^^, (2) converges uniformly on compact subsets of Va,(5 to 
a harmonic function U{z) ^ 0. Moreover —\m.ipy^,{iy) = o{y) uniformly in n 
as y ^ +00. Consider the sequence of analytic functions {ip^^,{z) + a(z/„/)} = 
{(Pu^,ms^i^^ ,)(^)} in Ta,/? • This sequence converges at the point + and hence, 
by Theorem 13. 9| {ipi^^,{z) + a(z/.„/)} converges uniformly on every compact sub- 
set of Ta,i3. Hence the assumptions of Proposition 13.111 hold for the sequence 
{un' ffl ^a(i/„/)}- By this proposition, this sequence of p- measures converges in 
the weak topology to a p-measure u. Iterating this argument, we see that there is 
a subsequence {n"} C {n'} such that {p„"} p, say, where pn" is some cofactor 
of Un" ffl ^a{u„„) in Pn"- By continuity of the additive free convolution (Proposi- 
tion 6.4), we have fflp = /i, so is a factor of p.. Thus Proposition 6.5 is proved 
for {M,m). 

Now we shall prove the assertion for By Proposition 13.121 the se- 

quence {S^^} converges uniformly on compact subsets of some ^a,i3,A func- 
tion S^. Recall that for every p G TW^'^'^'* the function logE^(^) is analytic in 
^a,I^A ^^^^ addition, — ImlogS^(2;) ^ for z G ra^/j^AV'C" InilogS^(^) = 
-ImlogE^(2;) for z G ^Xl^A' Since - Im log E,,„ (^) ^ - Im log (z) for z G 
^af3A \ i apply Theorem 13.81 to {— ImlogS^„(2;)} and obtain that 

there exists a subsequence {n'} of {n} such that ImlogS^^, (2) converges uni- 
formly on the compact subsets of ^a,i3,A ^ harmonic function U{z). Consider 
the sequence of analytic functions {log(S^ ,{z)a{h'n'))} = {logS^ iW^r^ )(^)} in 
^ai3 A- This sequence converges at the point + A)e*'^'^~^°'^/^/2 and then, by The- 
orem EIHl {^u^,M5^(^^ ,) (^)} converges uniformly on every compact subset of P^^ ^. 
Hence the assumptions of Proposition 13.121 hold for the sequence {i^n' ^ Sa(u^,)} 
and the sequence of p-measures converges in the weak topology to a p-measure u. 



G. P. Chistyakov and F. Gotze 



41 



Iterating this argument, we see that there is a subsequence {n"} C {n'} such that 
{Pn"} P, say, where pn" is some cofactor of Un" Sa(u,^„) in fin". By continuity 
of the multiphcative free convolution (Proposition 6.4), we have u S p = fi, so u 
is a factor of p. Thus Proposition 6.5 is proved for Kl). 

It remains to consider the case of the semigroup (7W*, Kl). By Proposition 
the sequence {S^,^} converges uniformly on compact subsets of some Dq, to 
the function S^. Recall that for every p G the function logE^(2;) is an- 
alytic in Da and RelogS^(2;) = log|S^(2;)| ^ for 2 G Dq,. Since log|Sj,^(2)| ^ 
log |S^^(2)| for z G Dq,, we may apply Theorem 13.81 to {log |S^,^(2;)|} and obtain 
that there exists a subsequence {n'} of {n} such that {log IS^,^, (2;)!} converges 
uniformly on compact subsets of Dq to a harmonic function U{z) ^ 0. Consider 
the sequence of analytic functions in Dq {log(Ey^, (2r)a„/)} = {log S,^^,^!^^^^^ ,)(^)}- 
This sequence converges at the point a/2 and thus, by Theorem 13. 9| the sequence 
{Sj, ,ms^,^ ){^)} converges uniformly on every compact subset of Dq. Hence 
the assumptions of Proposition 13.131 hold for the sequence {z/„/ IE 6a{u^,)}. By 
this proposition, this sequence of p-measures converges in the weak topology 
to a p-measure u. Iterating the argument, we see that there is a subsequence 
{n"} C {n'} such that {pn"} P, say, where pn" is some cofactor of Un" ^Sa{u^„) 
in Pn". By continuity of the multiplicative free convolution (Proposition 6.3), we 
have z/ ffl p = yu, so z/ is a factor of p, thus proving Proposition 6.5 for (7W*, Kl). 

Proposition 6.5 is completely proved. □ 

Proposition 6.6. Let {vn} be a sequence of p-measures Vn £ and let D'^{i'*) — 
as n 00. For every fixed 7' there exists n{j') such that Un o 5a{u„) G M"^ for 



Proof. Let us prove the assertion for the semigroup (A1,ffl). Let {vn} denote 
a sequence of p-measures z/„ G TW^"'^) and let Im (yjj,,^ (zq) ^ as n ^ 00, where 
zq := i{[3 + 1). We shall prove that for every fixed a' > a and < < /5, there 
exists n{a',p') such that ffl Sa[u„) e Al^"''^') for n ^ n{a',p'). 

The functions lm(pi^^{z) are harmonic non positive- valued functions in Pq^j. 
Therefore, by the theorem of the mean for harmonic functions. 



for sufficiently small e > 0. Since Reip^^^s^^^^^^izo) = 0, we have, by Schwarz's 
formula (see Markushevich (1965), v. 2, p. 151), 



(6.6) 









lm^,,Xzo + ee''/2) 



£6^72 +{Z- Zq) 

ee^72 -{z- zo) 
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for z E C such that \z — zq\ < e/2. Using we obtain from this formula, for 

\z - zo\ ^ e/4, 

(6-7) \v>u„ms^,.Jz)\ ^ ^ / \lm^.„{zo + ee^'/2) fJl^\'y'\ de 



2tt 



/ |Imv.,„(2;o + 5e*72)M^ = 3|Imy.,„(2;o)|. 
27r y 







Since | lm(p^^{zo)\ ^ as ^ oo, we conclude from ()6.7|) that V't/^ffl^^j^^) (2;) —>■ 
uniformly for I2; — zq\ ^ 5/4 as n — 00. Recall that F^~^g ^ _^(z) = z + 
'y^i/„ffl(5„(^„) (-2)- Therefore we easily conclude that -Fy^ffl^^^^^, = z + o(l) and hence 
Gu ms f = 1/2^ + 0(1) for 1 2; — 20 1 ^ From the last relation we see that 
(6.8) " 

/ 1 \ 1 /■ 

Im ^^^^^^(^^((^o) ) = 7 / 9 , i^nffl5a(i.„)(c?«) ^0, as ^ ^ CX). 

From ()6.8|1 it follows that Un ffl Sa{un) converges weakly to 5o as n ^ oo. The last 
relation easily implies the assertion of Proposition 6.6 for {Ai, ffl). 

We shall consider the assertion for the semigroup (A^+,K1). Let {i^n} denote 
a sequence of p-measures z/„ G A^^'^'^^ and assume that Imlog S,^^(2;o)— >■ as 
n — ^ CO, where Zq := (/5 + A)e*^'^"'""^/^/2. We shall prove that for every fixed 
< a' < a, < f3' < f3, and A' > A, there exists n{a',f3',A') such that 

The functions Im log 2,^^(2) are harmonic non positive- valued functions in the 
domain F^^^ fl C"^ such that log (2:0) | = 0. Repeating the previous 

arguments for the analytic functions log Ej^^^^^^^^^^ (2) on F^^^, we see that these 
functions \ogJ2^^^s,,f„^-){z) — ^ uniformly for \z — zq\ ^ e/4 as n ^ 00, where 
as above e > is chosen sufficiently small. Hence T,^^^m^^^^f{z) converges to 1 
uniformly for \z — Zq\ ^ e/4 as n — > 00. Recalling the definition of T,^^^s^^^^-){z), 
we conclude from this relation that 

(6-9) Ru^m^^^^^iz) ^ z 

uniformly for |z — zqI ^ e/8 as ^ 00. Taking into account representation ()2.8|1 
for the functions Ru„ m , . , we have 

(6.10) \R.^m^,^Jz) = an+ j y^, ^ G C+, 

(0,00) 
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where a„ ^ and the nonnegative measures r„ satisfy ()2.9j) . We easily see from 
dnini) and (jOTHl that 



(0,00) 

where c{zo) is a positive constant depending on zq. This estimate imphes the in- 
equahty \Riy„m,^,„){z) / z\ ^ c(a', A'), n = 1,2,..., in every domain r+,^^,^^, 
with a' < a,P' < P, and A' > A. Here c(a',/9',A') denotes a positive con- 
stant depending on a',f3', and A'. Hence, by fj6.10|) . we conclude with the help 
of Vitali's theorem (see Theorem l3.1Ul of Section 3) that relation ()6.9p holds for 
z G r^, From this relation we immediately obtain the assertion for Kl). 

Let us prove the assertion for (A^*, Kl). Let {z/„,} be a sequence of p- measures 
Un e M." such that let log|E^„(zo)| ^ as n ^ 00. Here zq := a/2. We shall 
prove that for every fixed a' > a there exists n(a') such that z/„ ffl Sa(u„) G 
for n ^ n(a'). 

The functions log|Sj,^(z)| are harmonic non negative- valued functions on Dq, 
such that Im log S^^gi^^^^^j (zq) = 0. Repeating the previous arguments for the ana- 
lytic functions log'E^^^s^^^^^^z) on Dq, we see that log S,^^Ea5„(^,j (-z) uniformly 
for l^; — 2;o| ^ asn — cx). Hence T,i^^^s^^^^-){z) 1 uniformly for l-z — -ZqI ^ 
as n ^ cxD. Recalling the definition of T.i,^^m^^^^-){z), we conclude from this re- 
lation that Qu^ms^^^^^i^) z uniformly for I2; — zqI ^ e/8 as n ^ 00. Since 
for /i e iS* the function Q^{z)/z is analytic and \Q^{z)/z\ ^ 1 for 2 G D, we 
conclude, by Vitali's theorem, that Qi,„ms^^^^-j{z) z uniformly for z G Dq,/ for 
any a' G (a, 1). This implies at once the assertion for {Ai^,, Kl). 

Thus, Proposition 6.6 is proved. □ 

For any fixed 7 G ^ denote by [NP /E, o, L*, D'') the L*-metrizable semigroup 
of equivalence classes /i* G yP /E with respect to the operation o and equipped 
the homomorphism D"^ introduced above. This semigroup is commutative, has 
an identity element e := 6*, where a = 0, 1, 1 for the semigroups {Ai, ffl), Kl), 
respectively. 

Proposition 6.7. For each 7 G ^, (M^/E", o, L*, D"^) is Delphic. 

Proof. It is sufficient to prove that assumptions (l)-(8) of Definition 3.14 hold 
for the semigroup {'WP/E, o, L*, D'^<). 

It is easy to see that assumptions (l)-(3) hold, by Proposition 3.11, Proposi- 
tion 3.12, and Proposition 3.13. Assumptions (4) and (7) hold, by Proposition 6.4 
and Proposition 6.5, respectively. 

By Proposition 3.11, Proposition 3.12, and Proposition 3.13, it is clear that 
the homomorphism D"* oi'M? / E into IR+ under addition satisfies assumption (5). 

We shall verify assumption (6). At first we shall establish it for the semigroup 



{M,m). Let L>("'^)(/x*) = 0. Then D^'^'f^^fx) = - lm^p^{i{p + 1)) = 0, where 
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/i* = Efi. Since the function — lmipfj,{z) is harmonic and nonnegative in Fa^/? and 
the point i{f3 + 1) hes in F^,/?, we conclude, by minimum principle for harmonic 
functions, that lm(pfj,{z) = as 2; G ^a,(3- From this it follows that there exists 
a real number a such that (p^{z) = a a.s z E and we have F^{z) = z — a, z E 
C~^. Hence fi = Sa and the assertion is proved. 

For the other semigroups (A^ + , Kl) and (A^*, Kl) the proof of assumption (6) is 
similar. 

It remains to show that assumption (8) holds. 

Let {fij^s : 1 ^ -5 ^ j < 00} be a triangular array in M.'~^/E such that 

hm max D^{fi* ,,) = 0, and {/i*} /i* G NP/E, where /i* = fi* ^ o ■ ■ ■ o fi* j. 

Let /c G N be given. Since maxi^^^j- -^'''(/i*^) ^ as j ^ cxd and, by Propo- 
sitions EHIHSIISl D'^if^j) D'^{fi*) as j 00, given n G N there exists j{n) 
so large that we may group the p-measures fJ'ji^n) ^ ^ ^ ^ j via free con- 
volutions into ulf^^^ say, 1 ^ / ^ /c, such that = i/*;^ „ o ■ ■ ■ o and 
\D'^{i^lkn) ^ ^ 1/72 for 1 ^ / ^ /c. By Proposition 6.5, there is a de- 
composition /i* = i^i*;, o ■■■ o ulf^ with £)'^(z/;*^) = D^{n*)/k for 1 ^ / ^ /c. 
Hence we may assume, without loss of generality, that there is a decomposition 
= i^i.fc o ■ ■ ■ o z/;j for every /c G N such that ui^k £ M''', a(/i) = and aiyi^k) = 
for 1 ^ / ^ A;. Applying Proposition 6.6 to the sequence {i^i^k} with I = 1, . . . , k 
and k = 1, . . . , we see that /i G with any 7 G ^. Hence /i G M'^ and, by 
Proposition 6.2, /i* is an i.d. element of M^/i?. Therefore /i* is i.d. in NP/E as 
desired. □ 

Proposition 6.8. Let {fink : n ^ 1,1 ^ k ^ n} be an array of infinitesimal 
measures in M'^. Then, for every fixed '~f G Q, maxi^k^n D'^ (fJ'nk) ^0 asn —>■ 00. 

This proposition follows from obvious calculations which we omit. 

The commutative metric semigroup (M/E, o) is covered by the union of the semi- 
groups (M'^Z E, o, L*, D'^) as 7 runs through the set of parameters Q. By Proposi- 
tion 6.3, each {WP / E, o, L*, D"') is hereditary in M/i? and is now seen to be Del- 
phic. Thus all assumptions of Proposition 13.171 hold. Applying Proposition 13.171 
to M./E and {yp /E, o, L*, L>^), 7 G ^, we conclude that Theorem ITTHl holds for 
the semigroups (M/i?, o). This result immediately implies that Theorem 2.11 
and Theorem 2.12 hold. 

Let us now prove Theorem 2.10. Note that {WP / E,o,L* ,D"') is open in 
(M/i?,o) (by the definition of the compact-open topology, generated on M/i? 
by L*) for all 7 G ^. In view of Proposition 6.7, Proposition 6.8, and Proposi- 
tion 3.18, we obtain Khintchine's limit theorem for (M/i?, o), i.e.. Theorem 2.10. 

We shall now give a new proof of formulae ()2.18j) . ()2.2H) . and ()2.24|1 . This 
follows from Proposition 6.2 and from the following assertion. 

Proposition 6.9. The relation /(M) = M° holds. 
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Proof. For every fixed 76^, denote by T''' the set of elements of M."' / E wliicli can 
be represented as tlie limit of a triangular array in / E. As we saw in the proof 
of Proposition 6.7 (the proof of the assumption (8)), T''' C M^/E' for every fixed 
7 G ^. By this relation, by Theorem 3.15, (1), and and by Proposition 6.2, 
we conclude that I{M^/E) C I(M^/E) C C M^E C /(M7E). Hence, 
for every fixed 76^, I(Wl'^/E) = Nl^/E. Using Proposition 6.3 we see that 
I{M/E) = U^6c?/(M^/E). Therefore I{M/E) = M^E and we finally have 
J(M) = M°, that was to be proved. □ 

7. Description of the class Jq in (M, o) and nonuniqueness of 

the representation (i2.27|) 

Our next step is to prove Theorem 2.13 for the semigroups (M, o). 

Proof of Theorem 2.13. Since /q is the set of i.d. elements all of whose factors 
are i.d., we should prove that any nontrivial i.d. element in (M, o) has a non i.d. 
factor. 

7.1. Consider the case of {A4, ffl). As we saw in Section 2 a measure fi & Ai 
is ffl-i.d. if and only if admits a representation ()2.18p . 

Let a < 6 be real numbers such that i^([a, b]) > 0. Consider the function 

(7.1) (f){z):=e^ / ^ 2;eC+, 



z — u 

[a,h] 

with sufficiently small Eq > 0, depending on a, b only, and introduce the func- 
tions fj{z) := 20(2;) + (— 1)%0^(2), j = 1,2. In order to prove the theorem we 
need the following lemma. 

Lemma 7.1. For sufficiently small e > 0, there exist fij G Ai, j = 1,2, such 
that fj{z) = iPf,^{z) for z G C+. 

Proof. Consider the function 

F{z) := z + ^{z), 2 G C+. 

By Lemma 4.1, F : C"*" ^ C takes every value in C"*" precisely once. The inverse 
function F^~^^ : C"'' ^ thus defined is in the class JF. 

For any real 77 denote by the half-plane Im^; > 77. Consider the domains 
■= F(-i)(C+), r] G (0, 1]. Note that fi^ are domains such that C C^. 

The boundary of ^2.;, is a curve 75(^7) characterized by the functional equation 
lmF{x + iy) = 77, x G R, y > 0. Using 1)7.11) rewrite this equation in the form 

M^) v{du) 
[u — xY + y"^ 



(7.2) y{l-e„i . 



Since F'{z) 7^ for z G 77 > 0, we conclude, by the implicit function theorem, 
that 75(77), ■'7 > 0, are smooth Jordan curves. 
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In view of ()7.2j) . we see that the curves 75(77) he in the union of domains 
\z — {a + h)/2\ < b — a, Im^; > and < Imz < 2r]. Denote by 75(77) the part of 
the curve 75(77) contained in the disk \z — (a + 6)/2| ^ b — a. Let us show that 

(7.3) sup sup \4>{z)\ := Ai < 00. 

Assume that Ai = (yo. Then for any > 1 there exist rjo G (0, 1] and zq = 
ZoiVo) e 75(7/0) such that ImF(zo) > and |-F(2;o)| > N. Since |</)(z)| 
for \z\ = R ^ 00, we easily see, by Rouche's theorem, that for w E with 
sufficiently large modulus the equation w = F{z) has a solution z = z{w) G C"*" 
such that z{w) = w{l + o(l)). Recalling that F{z) : ^ C takes every value 
in C"*" precisely once, we conclude that zq = F{zq){1 + o(l)), a contradiction for 
sufficiently large A^. 

Now let us show for j = 1,2 that Fj{z) := z + fj{z) : C''" ^ C takes every value 
in C"*" precisely once in F^~^\C~^). By ()7.3j] . we see that for z G 75(7/), r] G (0, 1] 
and e > sufficiently small the inequality 1 + 2{—iyeR.e(f){z) > holds. Since 
lm(j){z) ^ and lmF{z) = t] for the same z, we conclude from the formula 

(7.4) Im Fj{z) = Imz + 4>{z) + lm(f){z)(^l + 2{-iyeRe(f){z)^ 

that lmFj{z) ^ 77 for z G 75(77), 7/ G (0, 1]. 

Choose i? > 1 to be determined later sufficiently large. Denote by a. Re a < 
and b, Keb > points of intersection of the curve 75(77) with the circle \z\ = R. 
Consider the closed rectifiable curve 75 = 75(7/), 77 G (0,1], consisting of 76^1: 
the part of 75(7/) lying in the disc \z\ ^ R, connecting d to b, and the arc 76,2 : 
Re^^, aigb < 9 < arga, connecting b to a. 

Fix w G C'^. Assume that rj < Imw. If z traverses 76,1, the image ( = Fj{z) 
lies in the half-plane lm( ^rj. If z traverses 76,2, the image ( = Fj{z) is equal to 
i?e*^ (1 + 0(1)) as -R — ^ 00. We conclude that the image ( = Fj{z) winds around w 
once when z runs through 75 in the counter clockwise direction. By the argument 
principle, the function Fj{z) takes the value w precisely once inside 76. Since this 
assertion holds for all sufficiently large R> 1 and for all sufficiently small rj > 0, 
we obtain the desired result. 

Thus we conclude that Fj : ^ C"*", j = 1,2, exist and are analytic 

functions. Hence Fj G A/". Moreover it is easy to see that G J^, by 

proving the lemma. □ 

We shall complete the proof of the theorem for the semigroup {Ai, ffl). 

Since '^^{z) admits the representation ()2.18p . we may write in the form 
/i = /ii ffl /i2 ffl /is, where p-measures /ii,/i2, and /is are determined as follows. 
The measures /ii,/i2 are defined in Lemma 7.1. Since, by ()7.ip . 

[ I + UZ f 

iPf,^{z) + (Pf^^iz) = 4(f){z) = 4eo / ^ _ ^ u{du) - 4eo / uu{du), z e , 

[a,b] [a,fe] 
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and (p^{z) = ip^-^{z) + (P/j^^iz) + ip^^{z), we easily conclude that 



l+uz 

v[du). 



1^ fj_Az) := a + Aeq [ uiy(du) + (1 - Aeo) A ^ + iy(du) + / 

J J z — u J z — u 

[a,h\ [a,b] ^\[a,b] 

By the Bercovici and Voiculescu result |3], the measure /i3 is i.d. for Sq ^ 1/4. 

If v{{a}) > 0, then we choose 6 = a in ()7.H) . If z/({a}) = for all a G R, then 
we choose the points a < b such that z/([a, a + h]) > cqH and z/([6 — h, b]) > c^h 
for all < /i ^ /io, where cq > and /iq > depend on the measure v only. 
Such points exist by Proposition 13.61 Let us show that under these assumptions 
the function (f){z) (see ()7.1|) ). has the property 

(7.5) -Re0(a-/i+i/i) +00, /i j 0, and Re (t){b+h+ih) +oo, h[Q. 

This property is obvious in the case where a = b and /i({a}) > 0. Consider 
the case where /i({a}) = for all a G IR. In this case we obtain for small h > 
the estimates 

f {u-a + h){l + u'^)u{du) eo f u{du) 

— Re(p[a — h + ih)=eo / ^ -. , ,^ — -—^ — — / ^ — — 

' "7 {u-a + hy + h^ 2 J u-a + h 

[a,b] [a,b] 
b 

Eq z/([a, &]) £0 f du 



2b-a + h 2 J ' {u- a + hy 

a 

mm{a+ho,b} 

^ CO^O f , . du CqEq 

J (^-"^ (^-a + /.)^ ^-^^"g^- 

a 

This lower bound implies the first assertion of ()7.5|1 . In the same way we obtain 
the second assertion of ()7.5|1 . 

Note that the measures fij, j = 1,2, are not i.d. Indeed, since 

Imip^^iz) = 2Im0(^)(l + {-iyeRe4>{z)) 

and Im0(2;) < 0, z G C"^, we see from fl7.5|) that there exist points in C"*" where 
the functions Im(y9^^ and Imc/p^j have positive values. 

Hence the measure fi has a non-i.d. divisor and fi does not belong to the class 
/o. □ 

7.2. Let us consider the semigroup Kl). In order to prove Theorem 2.13 

for this semigroup we need the following auxiliary lemmas. 

Lemma 7.2. For every c > , there exist ftj G J^+, j = 1, 2, such that 
E^^iz) = exp I - y + (-ly'zv^}, z G C+. 
Here and in the sequel we shall choose the principle branch of ^/z. 
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Proof. In the first step we consider the function 
(7.6) w = gi{z) := logz — - — i^/cz. 



Let us show that for every fixed w G C"^ such that < Imw < tt there exists 
an unique z & such that w = gi{z). To prove this assertion we consider 
the closed rectifiable curve 77, consisting of the interval 77^1 : t, —R ^ t ^ — 
connecting —R to —l/R, the arc 77^2 : e^'^/R,0 < ip < n, connecting —1/R 
to l/R, the interval 77^3 : t,l/R ^ t ^ R, connecting 1/R to R, and the arc 
77,4 : Re^''^, < (p < 71, connecting R to —R. The parameter R^ 1 will be chosen 
later on sufficiently large. 



Let z traverse 77 in the counter clockwise direction. 

If z traverses 77,1 the image gi (77,1) is contained in the line Im ( = tt, connecting 
log R + cR/2 + VcR + i7i to - log R + c/{2R) + ^J~c/R + ivr. 

If z traverses 77,2 the image (71(77,2) is contained in the half-plane Re^ ^ 
- log connecting - log R+c/{2R) + ^/cjR+m to - log R-c/{2R) -i^/c/R. 

If z traverses 77,3 the image ( = (71(77,3) is contained in the half-plane Im^ < 0, 
connecting — logi? — c/{2R) — i^c/R to logi? — cR/2 — i^/cR. 

Finally, if z traverses 77,4 the image ( = (71(77,4) is contained in the domain 
del ^ cR/2, ImC ^ tt}, connecting the points logi? — cR/2 — i^fcR to logi? + 
cR/2 + y/cR + iTT. 

Therefore we can conclude that the image C, = gi{z),z e 77, winds around w 
once when z runs through 77. Hence there is a unique point z inside the curve 
77 such that w = gi{z). Thus we have proved that for every fixed li? G = 
{w E C : < Imw < 7i} there exists an unique 2; G C"*" such that ()7.(i|l holds. 
Thus the inverse function g[ : ^ exists and is analytic in S,r- Introduce 
the function Ri{z) := g[~^\\ogz), z G C+. We note that Ri E M and R[~^\z) = 
zexp{—cz/2 — i\fcz\ in the domain of C"*", where is uniquely defined. 

Let us show that -Ri admits an analytic continuation on (— cxo, 0) and its value 
on (—00,0) is negative. Moreover R\{x) — as a; j 0. It is easy to see that 




77,3 



Figure 5. 
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(^g9i(a;)y > for X < 0. Since e^^*-^-* is analytic on (— oo,0), we conclude that 
(^gSi^-i) exists and is analytic on (— oo,0) as well. This function coincides for 
z G C"*" with the function Ri{z) defined earlier. From the definition of e^^^^^ 
it follows that {eS^)'^-^\x) < for a; < and (efi)(-i)(x) ^ as x t 0. By 
Corollary 3.3, Ri{z) belongs to the class /C. Therefore there exists fii G M.+ such 
that R^^{z) = Ri{z) for 2; G C"*" and we proved the assertion of the lemma in 
the case j = 1. 

Now we shall consider the function 

(7.7) w = g2{z) '■= \ogz — — + i^^. z G C"*". 

Let us show that for every fixed u; G C"^ such that — 27r < \m.w < —n there exists 
an unique z G C"*" such that w = g2{z). 

To prove this assertion we consider as before the closed rectifiable curve 77 and 
as before z traverses 77 in the counter clockwise direction. 

If z traverses 77,1 the image ( = (72(77,1) is contained in the line Im^ = it, 
connecting log R + cR/2 — \fcR + m to — log R + c/ (2i?) — \/ cjR + in. 

If z traverses 77^2 the image C = g2{'^7,2) is contained in the half-plane Re^ ^ 
-logi?+l, connecting -log i?+c/(2i?)-^/cAR+27r io - log R-c/ {2R)+i^/clR. 

If z traverses 77,3 the image C, = (72(77,3) is contained in the half-plane lm( > 0, 
connecting — log R — c/ {2R) + i \fcpR to log R — cR/2 + i\fcR. 

If z traverses 77^4 the image C = ^72(77,4) is contained in the domain {|C| ^ 
ci?/2, -Ti-A/VcR ^ argC ^ ^l\fcR, connecting logi?-ci?/2 + 2VclR to logi? + 
ci?/2 - + «vr. 

Therefore we deduce that the image C = 5'2(^) winds around w once when z 
runs through 77. Hence there is a unique point z inside the curve 77 such that 
w = g2{z)- This relation holds for all sufficiently large i? > 1. Thus we have 
proved that for every fixed w G := {w G C : — 27r < Imw < — vr} there 
exists an unique z G C"*" such that ()7.7|1 holds. Then we deduce that the inverse 
function '■ ^-n exists and is analytic in S_^. Introduce the function 

R2{z) := (72 ^''(logz — 27r«), z G Obviously, -R2 ^\^) = zexp{—cz/2 + i^/cz}, 
where R2 is well defined. 

As in the case of j = 1 we show show that R2{z) admits an analytic continuation 
on (—00,0) and its value on (— oo,0) is negative. Moreover R2{x) — > as x t 0. 
Hence, by Corollary 3.3, R2{z) belongs to the class /C. Therefore there exists 
/i2 G Ai+ such that R^^i'^) = -^2(2^) for 2 G and we proved the assertion of 
the lemma in the case j = 2 as well. □ 

Lemma 7.3. For every c > 0, there exist /ij G A^ + , j = 1, 2, such that 

E,^{z) = exp + {-ly^^}, z G C+. 
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The proof of this lemma is similar to the proof of Lemma 7.2 therefore we omit 

it. 

Let the functions fj{z), j = 1,2, are defined as in Lemma 7.1. In addition we 
assume in fl7.1|) that < a ^ b < oo. 

Lemma 7.4. For sufficiently small e > 0, there exist fij G A4+, j = 1,2, such 
that 

E,^{z)=exp{fj{z)}, 

Proof. Consider the functions 

G{z) := log z + (l){z), zeC+. 

By Lemma 5.3, G : ^ C takes every value in precisely once. Recall that 
Sj, := {z E C : < Im^; < vr}. For any rj G (0,1/10) denote by S,, the strip 
{z E C : f] < Imz < 71— r]}. Consider the domains := G^-^\Sr,), r] G (0, 1/10). 
Note that 17^ is a domain such that Qri C C"^. 

The boundary of fi^ is a curve 78(^7) consisting of curves 78,i(?7) and 78,2(^7) 
characterized by the equations Im G{x + iy) = n — rj, x < 0, y > 0, and Im G{x + 
iy) = rj, X > 0,y > 0, respectively. Since G'{z) 7^ for 2; G fi^, we conclude, by 
the implicit function theorem, that 78,1 (??) and 78,2(^7), V ^ (0; 1/10); smooth 
Jordan curves. 

We see, by the definition of 78,i(?7), that this curve, connecting 00 to 0, lies 
in the angular region tt — 2// < argz < tt. By definition the curve 78,2('7), 
connecting to 00, lies in the union of domains \z — {a + b)/2\ < b/2, Im^; > 0, 
and < arg z < 2rj. 

Denote by 78(?7) the part of the curve 'Jsiv)^ lying in the disk \z — {a + b)/2\ ^ 
b/2. Let us show that 

(7.8) sup sup \(f>{z)\ := A2 < 00. 

Assume that A2 = 00. Then for any > 1 there exist ?7o G (0,1/10] and 
= ZQ^rjo) G 78(^70) such that 77 < ImG(2;o) < n — rj and |G(2;o)| > Since 
|0(2)|/log l^l — >• as \z\ = R,l/R and i? — s> 00, we easily see, by Rouche's 
theorem, that for w G with sufficiently large modulus the equation w = G{z) 
has a solution z = z{w) G such that z{w) = exp{w(l + o(l))}. Recalling 
that G{z) : C'^ ^ C takes every value in precisely once, we conclude that 
Zq = exp{G(2;o)(l + o(l))}, a contradiction for sufficiently large A^. 

Now let us show for j = 1,2 that Gj{z) := log 2; + fj{z) : C"^ — > C takes every 
value in Sjr precisely once in G(-^)(S^). By the formula 

(7.9) lmGj{z) = arg2 + Im0(z) +Im0(z)(l + 2(-l)%Re0(z)) 

and by ()7.8p . we see that lmGj{z) ^ rj, where z G 78,2(^7), V £ (0,1/10), and 
£ > is sufficiently small. 
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Using ()7.1|1 . we note that, for z G 78,i(?7),?7 G (0, 1/10), 

-Im0(z) =£oImz / , ^ ^ , ; , \, ^ , , ^ go v{\a,h\)- 



(m — Re^)^ + (Im^)^ a ' |Re2;| 



^2 



1+^ /r 

a 

Therefore we conclude from (j7.9j) that \m.Gj(^z) ^ vr — 2?7 for z G 'ys,i{v)jV ^ 
(0, 1/10), and sufficiently small eo, £^ > 0. In addition we see from (jy.lj) that for 
\z\ = 1/R and \z\ = R the inequality \4>{z)\ ^ c holds, with a positive constant 
c, depending on only, where i? > 1 is sufficiently large. 

Let i? > 1 be sufficiently large. Denote by c' and c" the intersection points of 
the curve 78,i('7) with the circles \z\ = R and 1^1 = l/R, respectively. We denote 
as well by d" and d' the intersection points of the curve 78,2(^7) with the circles 
\z\ = 1/R and \z\ = R, respectively. 

Consider the closed rectifiable curve 79 = 79(77), i] G (0,1/10), consisting of 
79,1: the part of 78,i(?7) lying in the disc \z\ ^ R, connecting c' to c", the arc 79,2 : 
e*^/i?, argfi" < 9 < argc", connecting c" to d", the curve 79^3: the part of 78,2(^7) 
lying in the disc \z\ ^ R, connecting d" to d', and the arc 79^4 : i?e*^, argrf' < 
6 < argc', connecting d' to c'. 

Assume that w & and 77 < |min{Imu;,7r — Imu;}. If z traverses 79^1, 
the image ( = Gj{z) lies in the half-plane Im^ ^ vr — 27]. If z traverses 79^2? it is 
easy to see that the image ( = Gj{z) lies in the half-plane Re^ < — |logi?. If z 
traverses 79,3, the image ( = Gj{z) lies in the half-plane lm( ^ rj. Finally, if z 
traverses 79^4, the image ( = Gj{z), lies in the half-plane Re^ > |logi?. 

Summarizing, it follows that the image ( = Gj{z) winds around w once when 
z traverses 79. By the argument principle, the function Gj{z) takes the value w 
precisely once inside 79. Since this assertion holds for all sufficiently large R > 1 
and for all sufficiently small 77 > 0, we obtain the desired result. 

This result implies that the inverse functions pj = G^j~^^ : C^, j = 1,2, 

exist and are analytic on Sjr. 

Let us show that Pj{z) admit an analytic continuation on the half-line 7_ : 
Im z = TT, Re z < 0, and that their values on this half-line are negative. It is easy 
to see that 

G'Jx) = - + 2(f)' (x)(l + (-iye4>(x)) < 0, a; < 0, j = 1, 2. 
■' X 

Since fj{z) is analytic on (— oo,0), we conclude that G^j~^^ exists and is ana- 
lytic on 7_ as well. Since, as shown above, for every fixed w G there is 
an unique point z G G^~^\C~^) such that w = log 2; + fj{z) holds, this function 
coincides for z G with the function Pj{z) obtained early. Introduce the func- 
tion Pj{z) := pj{\ogz), z G C+. Note that pj G Af and p^~^\z) = z exp{fj{z)}, 
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on the domain C"*", where is uniquely defined. Moreover, the function Pj(z) 
admits an analytic continuation on (— oo,0). 

From the definition of Pj{z) it follows that Pj{x) < for x < and Pj{x) — > 
as X t 0. By Corollary ESI Pj, j = 1,2, belong to the class /C and we conclude 
the assertion of the lemma. □ 

Now we complete the proof of Theorem 2.13 for the semigroup Kl). 

At first note that the measure p G with T,^{z) = exp{— c^;}, where c > 0, 
does not belong to the class Jq. Indeed, by Lemma 7.2, there exist measures pi 
and p2 of such that 



S^^^ = exp{-cz/2 + (-l)^zVc^}, z e C+, j = 1, 2. 

It is easy to see that Im(— c2;/2 + (—lyiy/cz) has positive values at some points 
of the half-plane C"*". Hence pj, j = 1,2, are not i.d. elements in the semigroup 
Kl). On the other hand = T,^^{z)'Efj^^{z) and we see that p has non- 

i.d. divisors as was to be proved. In a similar way, using Lemma 7.3, we prove 
that the measure p G A4+ with = exp{c/z}, where c > 0, does not belong 

to the class Iq. 

Now we consider the case where admits a representation (j2.21|) with 

a = b = 0, z/({0}) = and i/((0, oo)) > 0. 

For every fixed < a ^ 6, we have the representation 

^t,{z) = S^i(^)S/,2(2)E^3(2), < arg^; < 27r, 

where 

So^f^) := exp |4eo / uuidu) + (1 — ieo) [ —- h'(du)\ + [ — ^- ly(du) 

I J J z — u J J z — u 

[a,b] la,b] IR\[a,6] 

and E^^. (2;), j = 1,2, are defined in Lemma 7.4. 

If > 0, then we assume in ()7.1|) a = b. If i^{{a}) = for all a G (0, 00), 

then we choose the points < a < 6 so that such that i^([a, a+h]) > ch and 
h,b]) > ch for all < /i ^ Hq, where c > and ho > depend on the measure u 
only. Such points exist by Proposition 13.61 We showed in Section 7.1 that under 
these assumptions the function (j){z), see fl7.1|) . has the limiting behaviour ()7.5|) . 

Note that the measures pj, j = 1,2, are not i.d. Indeed, by ()7.5p . there exist 
points in C"*" at which the functions Im log S^^ and Im log have positive values. 
Hence the measure p has a non-i.d. divisor and p does not belong to the class 
lo- □ 

7.3. It remains to prove Theorem 2.13 for the semigroup We need 

the following auxiliary result. 

Lemma 7.5. For sufficiently small e > 0, there exist pj G j = 1,2, such 
that 

Ef^^iz) = exp{qj{z)}, z G D, 
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whereqj{z) := 2q{z) + {-iyieq'^{z), j = 1,2, and, for^o G T andO < A < 1/100, 
(7.10) q{z):=eo j ^^^'^(^O, ^ ^ D. 

{«eT:|5-5o|<A} 

In l\7.1U^ Eq > is a sufficiently small constant, depending on v and A only, and 

y{{iel: |e-eo|<A})>0. 

Proof. Let us prove the lemma in the case j = 1. One can prove the lemma 
in the case j = 2 in the same way. Without loss of generality we assume that in 
the definition of the function q{z) the parameter is equal to 1. 
Consider the function 

Q(^) := log^ + g(^), ^ G D := D\ [-1,0]. 

This function is analytic on D. 

Denote by 710,1, 710,2, and 710,3 the Jordan curves defined by the parametric 
equations C = log(l — t) + ivr + g(t — 1), ^ t < 1, C = "^^ + 1), — tt < t ^ tt, 
and C = logt — ivr + q{—t), < t ^ 1, respectively. Note that Reg(— 1) = 0. 
Define a curvilinear half-strip S'„ as a domain with boundary 710,1, 710,2, and 710,3- 
Let us show that Q : D — > C takes every value in S- precisely once. For this we 
need to prove that for any w E S- there exists an unique point z G D such that 
w = Q{z), provided that eo > is sufficiently small. 

Consider the contour 73 with parameter 6 = n (see Section 5). Choose r G 
(0, 1) such that 1 — r is small. If z traverses 73,1 the image C = Q{z) lies on 
the curve 710,1- If z traverses 73^2 the image ( = Q{z) lies in the half-plane 
ReC < |log(l — r). If 2; traverses 73^3 the image ( = Q{z) lies on the curve 
710^3. Finally, by the inequality Req{z) ^ 0, 2; G D, if z traverses 73,4 the image 
( = Q{z) lies in the half-plane ReC > logr. 

Hence, the image ( = Q{z) winds around w once when z runs through 73 in 
the counter clockwise direction. By the argument principle, the function Q{z) 
takes the value w G S*. precisely once inside 73 for sufficiently small 1 — r and 
the desired result is proved. Hence the inverse function Q^~^^ : S*- — ^ D is defined 
and is analytic function on S^. 

Let 710,2(^7) is the half-open interval of the vertical line Rez = —rj, 77 G (0, 1/100), 
lying between the curves 710,1 and 710,3- Denote by 711(77) the closed recti- 
fiable Jordan curve (710,2(^7))- By the definition of 711(77), we note that 
ReQ{z) = —Tj for z G 7ii(?7), f] G (0, 1/100). Since Q : D ^ C takes every value 
in precisely once, we note that if z traverses the curve 711 (?7) in the counter 
clockwise direction, then \m.Q{z) is a monotone function such that —Ti + a{—rf) ^ 
\mQ{z) ^ TT + a(— 77), where, as it is easy to see, |a(— 7/) — g(— 1)| ^ 1/10 for 
7/ G (0,1/100). 
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Let us prove 

(7.11) sup sup \q{z)\ ^1/3. 

We shall assume that r] e (0,1/100). Note that |g(^)| ^ 1/10 for z e 711(77) fl 
(l^ — 1| ^ 2A}. From the relation ReQ{z) = —r], z e 711(^7), and the inequality 
log|z| ^ log(l — 2A) for z G fl Wz — 1| < 2A} we see that for such z 

the bound |Reg(2;)| ^ 1/10 holds. In addition it is not difficult to see that 
the inequality |Q(2;')| ^ 1/10 holds at points of intersection z' of 711(77) with 
the circle 1^: — 1| = 2 A. Since \m.Q{^z\ z E 711(77), is a monotone function, we have 
|ImQ(2)| < 1/10 and hence \ \m.q\z)\ ^ - log(l -2A) + arctan(2A) + 1/10 ^ 1/5 
for 2 e 7ii(?7) n {|^ - 1| < 2A}. Thus (frTT|l is proved. 
Then, by the relation 

log 1^1 + Reqi{z) = ReQ{z) +Req{z){l + 2elmq{z)) 

and ()7.1H) . we conclude that 

(7.12) log |2;|+ Re gi(2;) ^-r/, 2 6 7ii(^),^e (0,1/100). 

Now we shall prove that qi{z) := ze'^'^^^^ : D — C takes every value w G D 
precisely once in Q^~^\S^) U ( — 1, 0]. 

Fix w E D. Let 77 > be sufficiently small. If z traverses 711(^7) in the counter 
clockwise direction we see, by fTTTTIl and (TTT^ . that lArge^'^'^l ^ 1/2 < TT and 
jgQiC^)! ^ Q-v^ respectively. By the argument principle, the function ze'^^^^^ takes 
the value w E ^) precisely once inside 711(77) for sufficiently small t] > 0. We 
obtain the desired result. 

Hence the inverse function q[~^^ : D ^ D thus defined is analytic on D and, as 
it is easy to see, belongs to the class S^. The lemma is proved. □ 

Let us complete the proof of Theorem 2.13 for the semigroup (A^*, Kl). Without 
loss of generality, we assume that i^{A) > 0, where A := {(^ E J , \C, — 1\ < A} and 
write 

Ef,{z) = S^,(z)S^2(z)S^3(2;), 2; e D, 

where 

E,,{z) := (1 - Aeo) J |^ K^O + / ^(^^) 

A J\A 

and Ej(z), j = 1,2, are defined in Lemma 7.5. If > 0, we assume A := {1}. 

If = for all ^ e T, we choose the point ^1 G T, ^1 7^ 1, so that z/({,^ G 

T, 1^ — Ci| < h} > ch for all < /i ^ ho, where the constant c > and Hq > 
depend on the measure u only. By Proposition 3.6, such points exist. Repeating 
the arguments used in the proof of ()7.5|1 . we obtain 

(7.13) Img(eie^''(l - /i)) ^ +00, h ] 1. 
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Note that the measures = 1,2 are not i.d. Indeed, by ()7.1Hj) . there exist 
points 2; e D where the modulus of the functions ^^1(2^) is strictly less than 1. 
Hence the measure n has non-i.d. divisors and therefore /x ^ Jq. □ 

Now we shall prove that there exists a measure /i G M for which the represen- 
tation ()2.27|) is not unique. We establish this result for the semigroup 
One can prove this fact for the semigroups Kl) and in the same 

way. 

Assume to the contrary that every measure /x G admits an unique repre- 
sentation 

(7.14) /i = /iiffl/i2..., 

where /ii,//2, • • • are some indecomposable nondegenerate elements of the semi- 
group ffl), with respect to the equivalence relation yU ~ if /i = z/ ffl 5^ for 
some a G R. 

Let /i be an i.d. p-measure. Hence, for every n G N, = ffl ■ ■ ■ ffl z/,„ [n 
times), where z/„ G Since the p-measure I'n admits an unique representation 
of the form ()7.14|1 . we see that, for every n G N, /i = /i"^ ffl p„, where fxi denotes 
the measure from representation ()7.14|1 and pn & M.- We return to the notation 
of Section 6. Note that the measure /i belongs to the semigroup Al^"'^) for 
some a > and /5 > 0. Hence — Im<y9^(i(/9 + 1)) ^ 0. By Proposition 6.3, 
— Ivnip ^rim{i{[3 + 1)) ^ and — \mipp^{i{[3 + 1)) ^ as well. Since 

Iv^ifMP + 1)) = + 1))) + lu,ip,MP + 1)) 

= n\vci^^MP + 1))) + Im(Pp„(z(/5 + 1)), 

we have Ivciip^-^ii^j] + 1)) — > as n — 00 and we get \Yaip^^{i{[3 + 1)) = 0. This 
immediately implies that \m.ip^^{z) = for 2; G Fq,^^ and /ii = 5a for some a G R. 
We arrive at a contradiction which proves the assertion. □ 

8. Dense classes of indecomposable elements in (M, o) 
In this section we prove Theorem 2.14. 

8.1. At first we shall prove this theorem for the semigroup (A^, ffl). 

Assume that /i G Al has finite support. Then the Cauchy transform Gp{z) is 
a rational function such that lim^^oo -^^^(-z) = 1. Therefore F^{z) is a rational 
function as well and \miz^oo{Ff^[z) / z) = 1. Since G JF, it admits the repre- 
sentation 

I 

where c E R and > 0, A; = 1, . . . , /, and ti < t2 < • ■ ■ < We assume without 
loss of generality that c = 0. Let fij G A4, j = 1,2, and /i = /ii ffl /i2- Let us 
prove that either /ii = /i ffl 6a, ^2 = ^-a or jii = 6_a, = A* H with a G R. 
By Theorem 2.1, there exist functions Zj{z) E J^,j = 1,2, such that ()2.3|) holds 
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and F^{z) = = ^^2(^2(2)), z G C"*". Using the integral representation 

(jH.Hp for Nevanlinna functions, we rewrite the last relation in the form 

I 

^ + E jf^b - + ^'(^' + / ii^) - T^)-^'*) 

k=l ^ J y 

—00 

■.= b, + Z,{z) + W,{z), J = 1,2, zeC+, 

where bj G R and cxj are nonnegative measures such that crjldt) /(I + 1^) < 00. 
Since, again by representation ()3.3|) for functions in JF, we have 

00 

—00 

where Cj e IR and uj are nonnegative measures such that Vj{dt)/{1 + 1^) < 00. 
Moreover, by ()3.4|) . — «y| = ci(y), j = 1,2, as y — > +00. We note that 

the functions Wj{z) e M , j = 1,2, and, as it is easy to see, \Wj{iy)\/y — >■ 
0, j = 1,2, as y ^ +00. Therefore, by (jS2I) and (jS31), W'i(-z), j = 1,2, admit 
the representation 

00 

W,{z)=c, + J ^-±--^y^(dt), zeC\ 

—00 

where Cj e IR and aj are nonnegative measures such that aj{dt)/{l + 1^) < 00. 
Hence, we finally obtain, for 2 G C"*" and j = 1,2, 



I 



.1) E 7^7 = + + + / (rb - TT7^)(^^- + ^^•)^^^) 



fc=i 



tk-z ' ' ' J \t-z 1 + t 



Applying Stieltjes inversion formula ()3.7|) to ()8.1|) . we see that the measures 
h'j,j = 1,2, have finite supports which are contained in the set {tkYk^i- Hence 
either Zj [z) = z + Cj or 

(8.2) Z,(z) = z + c, + 5]-^, 

-I Ps,i z 

s=l '•' 

where Cj G IR, dgj > 0, s = 1, . . . , nij, and pi ^ < • ■ ■ < Pm. j- In (!8.2p {p^ ,,}^;^ C 
{tk}L^,J = l,2. 

Let one of the Zj, say Zi, be of the form Zi{z) = z+ci, then F^^{z) = Ci) 
and we have pi = p ffl 5^ and (Pfj.j^{z) = (p^{z) + Ci. From relation ()2.4p v^^(z) = 
93^^(2;) + 93^2(^)5 obtain v^^al^) = ""^i which implies p2 = 5-ci- 

It remains to consider the case where both Zi and Z2 have the form ()8.2|) . By 
the relation (12.311 . we obtain 



+ Z^iz) - F^^{Z,iz)) = Z^{z) + Z2{z) - F^{z), z G C+. 
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This together with ()8.2|1 yields, using ci + C2 = as z — *• oo, 

/ mi , rn2 , 

This imphes that either pi i = tx or pi_2 = ti- Let us assume for definiteness that 

First we shall show that 0\ has finite support. Let po,i '■= ~oo and Pmi+i,i : = 
+00. Note that Z'^{x) > for x e R \ {pi,i, . . . ,Pmi,i}- Furthermore, x | p^^i 
implies Z\{x) | — cxd for s = 0,1,..., mi and x | ps,i implies Zi(x) t +oo 
for s = l,...,mi + 1. Since Zi{z) G the function l/(t — Zi{z)) is in M 
and — Zi{z)) converges to 1 as z ^ oo for any fixed t G R. In view of 
these properties we conclude that the Nevanlinna integral representation ()3.3|) 
for the functions l/{t — Zi{z)), t G R, has the form 

1 mi+l , X 

(8-3) ^TT=E "'^^ 



t-Z,{z) 



where ag{t) > 0, q = 1, . . . ,mi + 1, and Pi{t) < pi^i < P2{t) < p2,i < ■ ■ ■ < 
Pm(t) < Pmi,i < Pmi+lit). Moreover aq(t), q = 1, . . . , mi + 1, are continuous func- 
tions and l3q{t), q = 1, . . . ,mi + 1, are strictly increasing functions. In addition, 
it is easy to see, for t < —to, where to > is sufficiently large, 1/2 ^ ai{t) ^ 3/2 
and |/5i(t) - t-fesi ^1, where 63 G IR. For t > to we obtain 1/2 ^ a,„i+i(t) ^3/2 
and \Pmi+i(t) — t — bsl ^ 1. With the help of these relations we deduce from 
dHU), (IH3I), and the Stieltj es inversion formula that the measure ai has bounded 
support. Using again ()8.1|1 and ()8.3j) . we conclude that 

^ —00 

where ^ 0. Since > 0, t G R, and Pi{t) < pi 1 = ti, we see that the first 
summand on the left hand-side of ()8.4|) can be written in the form 

ai{t) ai{dt) f ai{(3[~^\u)) ai{du) 



/3i{t) — z J u — z ' 

—00 (-00, ti) 

where 5"i is a measure such that d'i{B) := ai{/3[ ^\b)) for any Borel set B. Note 
that 00, ti)) = cri(R). Applying to both sides of ()8.4|1 the inversion formula 

()3.4p . we obtain that cri(R) = 0. Hence relation ()8.4|) implies that a'^ = for all 
k and cti = 0. Thus, Ffj_-^{z) = z + bi and pi = Hence p2 = H ^bi- This 

implies the theorem. □ 



8.2. We shall now prove Theorem 2.14 for the semigroup + , Kl). Let pi,p2 
denote measures in Ai^ and assume that p := pi Kl p2 has finite support S. 
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Without loss of generality we assume that S = {ui, . . . ,ui}, where < mi < 
■ ■ ■ < ui. If the support has the form S = {0,ui, . . . ,ui}, the proof is similar. We 
have to prove that either fii = fiMSa and ^2 = 5i/a or /ii = 6i/a and fi2 = fJ^^Sa, 
where a G (0, +oo). By Theorem 2.4, there exist functions Zj{z) E JC, j = 1,2, 
such that ipij,{z) = ip^-^{Zi{z)) = ip^^{Z2{z)) for z G C"*" and 
(8.5) 

Z^{z)Z2{z) = zR^^iZ^iz)) = zi,^^{Z,{z))l{\ + ^^,(^,(2;))), z e C+, j = 1,2. 
Rewrite the first of these relations in the form 



where > 0, /c = 1, . . . , /, and + ■ ■ ■ + = 1. Recalling the definition of 
the Krein class /C, note that the functions 

1 - Z^{z)u 

belong to the class /C for every fixed n > 0. Therefore they admit the represen- 
tation 

Kj{z]u) = aj{u)z + z j zGC+, n > 0, j = l,2, 

(0,00) 

where aj{u) ^ and Tuj is a nonnegative measure, satisfying condition ()2.9j) . It is 
easy to see that aj{u) = 0. Moreover the functions u 1— > Tuj are continuous. Using 
the previous representation for Kj{z; u), we easily deduce from ()8.fjj) the relations 

(8.7) 5^pfc-^^= /A^(z;n);u,(rfn) = z / z G C+, j = l,2, 

IR+ (0,00) 

where i^j{B) := f^^ Tuj{B)fj,j{du) for every Borel set B in IR_|_. By ()8.7p . the mea- 
sures z/j have finite support which coincides with the set Si := {l/nfc}|,^^. Hence, 
it follows that, for every point u G (0, +00) such that 

(8.8) fij{{u-h,u + h))>0 

for any h > 0, the measure t^j has finite support which is contained in 5*1. Hence 
we obtain, for points u satisfying ()8.8|) . 



. rut' 



where pkj{u) ^ 0, /c = 1, . . . ,/. Let us show that the number Nj of points u 
satisfying ()8.8|) does not exceed /. Assume to the contrary that A^^ > /. Then 
there exist at least two points u',u" G (0, +00), u' 7^ u", such that in ()8.9|1 



G. P. Chistyakov and F. Gotze 59 

Pk,j{u') > 0, Pk,j{u") > for some k G {1, . . . ,Z}. Therefore we may conclude 
from ()8.9|) that Zj{r + l/uk) and Zj{r + l/uk) — > as r | 0. Since 

u' 7^ u", this is impossible and we arrive at a contradiction. Let us assume that 
1 < Nj < I, j = 1, 2. Rewrite (IHTjl in the form 

(8.10) E^^T^ = E ^-^■^^■(^' 

f— f 1 - ZMfc ^ 
fc=l m=l 

where < m^^^ < ■ ■ ■ < u^^^^^ are points, satisfying ()8.8j) . and therefore > 
0, m = 1, . . . , A'j-. Return to ()8.9|1 and let u = u^j^\ From the arguments above 

it follows that there does not exist an index k such that the coefficients Pk,j{u^j^^) 
in the representation ()8.9|) are positive for two different indices m' ^ m" . Denote 
by Nj{u) the number of summands on the right-hand side of ()8.9|) . 

We have two cases. Either for some j = 1,2, say j = 1, there exist at least 
two points Ml"* ^ and u^^^ ^ such that Ni{u^^'^) ^ Ni{u^j^ ^) or Nj{u^^^' 



Nj{uY") = N* for J = 1,2. 

Consider the first case. Let us assume for definiteness that A^i(m[™' ^) < Ni{u^^ ^) 
Rewriting ()8.9|) we obtain Zi{z) = Ki{z;u)/{u{Ki{z;u) + 1)). Hence we arrive 
at the equality 

u^r\Ki{z-u^r'^) + 1) u^r"\K,{z-ut'"'^) + 1) 
This equality implies 

(m") ^ / (m')\ 

(8.11) K^(;2;«(-")) = ^ ^eC+. 

{u\ '-u\ ')Ki[z]u\ )+U\ 

It is easy to see that both sides of ()8.1H) are meromorphic functions and the num- 
ber of poles of the function Ki{z; u^"^")) is Ni{u^^ ^), but the number of poles of 
the function in the right-hand side of 1)8.111) does not exceed Ni{u^^ ■*). Thus we 
arrive at a contradiction. We emphasize that here and in the sequel we consider 
poles in C only. 

Now we shall consider the second case. In this case we may represent / as 
/ = NjN*, j = 1, 2. Let {pi,m,j, • • • , PN;,m,j}, where < pi^rnj < ■ ■ < pN*,m,j, be 
poles of Kj{z; u^f^^). We see that Kj{x; u^J^'') > for x G IR \ {pi^mj, ■ ■ ■ , pN*,m,j}- 
Furthermore, x [ Ps,m,j implies Kj{x; u^j^^) [ — oo for s = 1, . . . , A''* and x ] ps,m,j 
implies Kj{x]u^J^^) t +oo for s = 1,...,N*. In addition Kj{x;u^J"^) | —1 if 

X I — oo and Kj{x; Uj^^) t — 1 if 2; T +00. 

Let us assume that one of Ni or N2, say Ni, is not equal to 2. Then ^ //3 
and N; ^ 1/2. Since Zj{z) = Kj{z; u)/{u{Kj{z] u) + 1)), we note from (jHll) that 
the number of poles of the functions ^1(2;), ^2(2;) are equal to A''^* — 1, A^'g — 1, 
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respectively. Return to the relation ()8.5|) . We see that the number of poles of the 
function Zi{z)Z2{z) does not exceed 5//6 — 2, but, as it is easy to see, the number 
of poles of the function R^^^{Zi{z)) is equal to / — 1, a contradiction. 
Consider the case Ni = N2 = 2. In this case we obtain from ()8.10p 

(8.12) gi,iA'i(z;n!'))+g2,ii^i(^;nf^) = gi,2i^2(^; 4'^) + g2,2i^2(^; 4'^ ^ e C. 

As we saw before the meromorphic functions Kj{z; u^^^) and Kj{z; u^^^) have no 
common poles and union of their poles coincides with the set of poles of the mero- 
morphic function iIj^{z). By 1)8.111) . the poles of Ki{z] u^i^) coincides with the ze- 

ros of the function Js:i(2;Mf^)+MfV(wf^-w!^^)- Note that V(wS^^ - 4^^) > 1- 
Let {pij, . . . , p;/2,j}, where < pij < ■•■ < p;/2j, be poles of Ki{z]u(^). As 

shown above K[{x] v!f^) > for x G IR \ {pij, . . . ,pi/2j}- Furthermore, x | Psj 
implies Ki{x] uf^) [ —00 for s = 1, . . . , //2 and x ] psj implies Ki{x; Ui^) t +00 
for s = 1, . . . , 1/2. In addition Ki{x] uf^) J, —1 if a; J, —00 and Ki{x\ u'l^) ] —1 if 
X ] +00. Using this information about the behaviour of Ki[z]uf^), we see that 
the poles of the functions Ki{z]v!p) and Ki{z]u^^'^) alternate and pi^i > pi^2- 
A similar result holds for the functions K2{z]U2^), j = 1,2. Hence we conclude 
that for k = 1,2 the poles of Ki{z;u^^^) coincide with the poles of K2{z;u'^^). 
Now we deduce from ()8.12j) that 

qi^iKi{z; ^) = ^1,2^2(2:; m?^) and g2,i^'^i(^; u?) = g2,2^2(^; m?^), z e C. 
The first of these relations implies that 

^1 0^1,1 + Wl,2 — 0^1,1 JM2 ^2l^J 

Therefore relation ()8.5)1 may be written as 

otZ'^iz) , , ib,.,(Zi(z)) ^ 

8.13 =zR,,{z^{z)) = z i^]^ ly/ zee, 

/5 + 7^2(2;) 1 + ^p^^iZiiz)) 

where a, (3 > and 7 G R. Note that zeros of the function coincide 
with the zeros of ■ipfj_-^{Zi{z)) and are thereby simple. But the left-hand side of 
()8.13j] implies that there exist multiple zeros of the function ^/'^j a con- 
tradiction. 

Hence for one of j = 1,2, say j = 1, we have A^^i = 1 or A^^i = /. Consider 
the case Ni = I. In this case the relation ()8.9|) for j = 1 has the form 

(8.14) K,iz;u^r^)= ^'^'y =PKmUut^) , '"'^'"^ , m = l,...,l. 

where k{m') ^ k{m") if m' ^ m". From ()8.6|) we conclude that Zi{x) —00 as 
X —00 and which in ()8.14p implies Pk{m), = 1, m = 1, . . . ,1. Hence it 
follows from ()8.14|1 that Zi{z) = zuk{m) / u^"^^ for all m = 1, . . . , /. Thus Zi{z) = 
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zuq for some uq G (0, +00) and we arrive at ip^{z) = ip^^i^zuo), z G C"*". We finally 
conclude that = fiiM 5uo- This means that ni = fim^i/uo = ^uo- 

It remains to consider the case Ni = 1. Here we easily see that /xi = 6uo for 
some Uq G (0, +cxd) and hence /i2 = yUgi^i/uo- 

Thus, Theorem 2.14 is completely proved for the semigroup + , Kl). □ 

8.3. Let us prove Theorem 2.14 for the semigroup The proof is 

similar to the proof of Theorem 2.14 for the semigroup Kl). For convenience 

of the reader we include it. 

Let fii, /i2, G tM* and let /i := /ii Kl /i2 have the finite support . . . , ^i}. We 
have to prove that either /ii = /i Kl 5^ and /i2 = Si/ a or fii = 6i/a and fi2 = fJ^^^a, 
where a G T. By Theorem 2.7, there exists a function Zi[z) G 5* such that 
^pf,{z) = ^^,{Zi{z)) = ^jjf,^{Z2{z)) for z G D and 

(8.15) Zi{z)Z2{z) = zQ^^iz) = zij,{Zj{z))/{l+^^{Z^{z))), ^ G D, j = 1,2. 
Rewrite the first of these relations in the form 

k-l J 

where pk > 0, k = 1, . . . ,1, pi + ■ ■ ■ + pi = 1, and C,k G J, k = 1, . . . , /. Since 
the functions 

^'■<^'«>=T^li' '''''' 

belong to the Caratheodory class C for every fixed G T, they admit the repre- 
sentation 

T 

where a^j are p-measures. Moreover for j = 1,2 the functions ^ t— a^j are 
continuous. From ()8.16|) we deduce the relations 

(8-17) Ep'^T^II = / C,{z;Of^M) = I ^^.K), z e D, 

where i^j{B) := fja^j{B)fij{d^) for every Borel set B of T. As above, by ()8.17p . 
the measures uj have finite support which coincides with the set S ; — {l/C,kYk=i- 
Hence, for every point C ^ T such that 

(8.18) /i,({e G T : argC - < arg^ < argC + h}) > 

for any h > 0, a^j has finite support which is contained in S. Thus we obtain, 
for such points 



(8.19) C,(.;0 = = Vp.,(0^^. 
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where PkjiO ^ O5 ^ — 1, • • • We shall show that the number Nj of points 
satisfying ()8.18|1 does not exceed /. Assume to the contrary that Nj > I. 
Then there exist at least two points ^" G T, 7^ such that in ()8.19|1 
PkjiO > 0, Vkjii") > for some k E {1, . . . ,1}. Therefore we can conclude from 
(jOTl that Zj(r/^k) ^ 1/^' and Zj{r/^k) ^ V^" as r 1. Since ^' ^ C, this is 
impossible and we arrive at a contradiction. Let us assume that 1 < A'^- < I, j = 
1,2. Rewrite ()8.17|) in the form 

I Nj 

(8.20) E^'^^^ = E^-^-^^(^'^r)' 



k=l ^'^ m=l 



where ^j™'' G T are points, satisfying ()8.18|1 . and therefore qm,j > 0, m 
'fj. Return to (jOT1|l with ^ = ^] 



1, . . . ,Nj. Return to ()8.19j) with ^ = Note as above that there does not 



exist an index k such that the coefficients satisfy Pk,j{(,^"^^) > in the represen- 
tation ()8.19p for two different indices m' 7^ m". Denote by Nj{C,) the number of 
summands in the right-hand side of ()8.19|) . 

Again we have two cases. Either for some j = 1, 2, say j = 1, there exist at 

least two points ^1"'^ and ^["'"^ such that A^i(ei"'^) 7^ A^i(d""^) or = 

Consider the first case. Assume for definiteness A^(,^'^'")) < N{^^"^ )). From 
it follows that Zi{z) = (Ci(^;0 - l)/(^(Ci(^;0 + !))• Hence we obtain 
the equality 

ei'"')) + 1) d"" ^) + 1) ' 

This equality implies 

(8-21) ^'<^^«" * = (r'-d'"">)c!fefrvfr+fr' 

It is easy to see that both sides of ()8.2H) are meromorphic functions and the num- 
ber of poles of the function Ci{z; d'" "*) is A^i(d™ ^), but the number of poles of 
the function in the right-hand side of ()8.2H1 does not exceed A'^i(d'" ^)- Hence we 
arrive at a contradiction. 

Consider the second case. Here we may write / as / = NjN*, j = 1,2. Without 

loss of generality, we assume that {e^^''"'\ . . . ,e ^j''"-^}^ where < Oi^mj < ■ ■ ■ < 
ON;,m,j < 27r, are poles of Cj(z;d™^). We see that -zCj(e^^; d""^) > for ^ G 
[0,27r) \ {6'i,m,j, • • • ,6N*,m.,j}- Furthermore, 6 | 6s,ni,j implies Cj(e'^; d""^) T -00 

for s = 1, . . . , at; and ^ t 9s,m,j implies Cj{e'^; u'f'^) i +00 for s = 1, . . . , A^. 

Let us assume that one of A^i or A'25 say A"!, is not equal to 2. Then ^ //3 
and A^2* ^ ^2- Since Zj{z) = Cj{z;^)/{^{Cjlz;0 + 1)), we note by that 
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the number of poles of the functions Zi{z), Z2{z) are equal to iVj", iVg , respectively. 
Return to the relation ()8.15j) . We see that the number of poles of the function 
Zi{z)Z2{z) does not exceed 5//6, but, as it is easy to see, the number of poles of 
the function is equal to /, a contradiction. 

Consider the case Ni = N2 = 2. In this case we obtain from ()8.20|) 

(8.22) + g2,iCi(^;d'^) = q^z; ^i'^) + q2,2C2iz; ^^^^), z G C. 

As shown above the meromorphic functions Cj{z]C,f^) and Cj(z;^]^'*) have no 
common poles and union of their poles coincides with the set of poles of the mero- 
morphic function il)^{z). By (jHSJ), the poles of Ci{z]^f''*) coincides with zeros 
of the function rf'^) + (^i" + ^?)/{^? - d'^ 

Using the information about the behaviour of Ci{z]^^^) on the circle T, we 
see that the poles of the functions Ci{z] ^^^) and Ci{z] ^f^) alternate. A similar 
result holds for the functions (72(2;; d"''*), j = 1,2. Hence we may conclude that 
the poles of Ci{z; ^[''^), k = 1,2, coincide with the poles oiC2{z; ^!^^) or C2{z; ^^^), 
say (72(2; d'^''). Then we deduce from ()8.22|) that 

gi,iCi(^;ef^) = gi,2C2(^;d'^) and g2,iCi(^; eP) = g2,2C2(^; ^ e C. 

Since Zi{0) = ^'2(0) = 0, we have Cfc(0;d''') = 1 for /c, Z = 1,2, and we obtain 
from the previous relations the equalities qi^i = qi^2 and ^2,1 = Q'2,2- Hence these 
relations imply that 



Z^{z) = f^Z2{z) = ^Z2{z), z e C. 

SI Si 



Therefore the formula ()8.15p may be written as 

(8.23) ^oZ'2{z) = zQ,AZi{z)) = t']^^ly]\y ^eC. 

1 + ipf,,{Zi{z)) 

where .^0 ^ T. Note that zeros of the function Q^-^{Zi{z)) coincide with the zeros 
of -j/^^j (Zi(z)) and are thereby simple. But from the left-hand side of ()8.23p it 
follows that the function ip^-^{Zi{z)) has multiple zeros, a contradiction. 

Hence for one of j = 1,2, say j = 1, we have A'^i = 1 or A'^i = /. Consider 
the case A^i = Here relation ()8.19|1 for j = 1 has the form 

(8.24) Gi(2;,^i )-- („) -Pfc(m),i(4i ) 1 . . m-l,...,l. 

1 — Zi[z)t,i ^ Z(^k{m) 

where fc(m') 7^ k{m") if m' 7^ m". Since Ci(0; d'"'') = 0; "we obtain Pk{m),i{^i^^) = 
1, m = 1,...,/. From §^1^ it follows that Zi{z) = z^k{m) / ^^^""^ for all m = 
1, . . . ,1. Hence Zi{z) = z^q for some (^0 ^ T and we obtain ip^{z) = iP^^{z^q), z G 
D. We finally conclude that /i = /ii Kl 5^^. This means that /ii = ji^dij^^ and 
/i2 = (5^0 • 
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It remains to consider the case = 1 where obviously j^i = 6^^ holds for some 
,^0 e T and hence /i2 = A^a^i/go- 

Thus, Theorem 2.14 is completely proved. □ 
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